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ABSTRACT 

We show that the duality orbits of extremal black holes in supergravity theories with sym¬ 
metric scalar manifolds can be derived by studying the stabilizing subalgebras of suitable 
representatives, realized as bound states of specific weight vectors of the corresponding 
representation of the duality symmetry group. The weight vectors always correspond to 
weights that are real, where the reality properties are derived from the Tits-Satake dia¬ 
gram that identifies the real form of the Lie algebra of the duality symmetry group. Both 
JV = 2 magic Maxwell-Einstein supergravities and the semisimple infinite sequences of 
J\f = 2 and J\f = 4 theories in D = 4 and 5 are considered, and various results, obtained 
over the years in the literature using different methods, are retrieved. In particular, we 
show that the stratification of the orbits of these theories occurs because of very specific 
properties of the representations: in the case of the theory based on the real numbers, 
whose symmetry group is maximally non-compact and therefore all the weights are real, 
the stratification is due to the presence of weights of different length, while in the other 
cases it is due to the presence of complex weights. 
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1 Introduction 


In recent years, the quest for a consistent theory of quantum gravity led to an intense 
study of black hole (BH) solutions within supergravity theories. A well understood issue 
is how to physically discriminate among asymptotically flat branes, depending on their 
background fluxes. For example, in D = 4 space-time dimensions, extremal BHs have 
electric and magnetic charges (namely, the fluxes of the 2-form Abelian field strengths 
and their duals), which sit in a representation R of the electric-magnetic (U-) duality^ 
symmetry group G4, defining - by virtue of a Theorem due to Dynkin m - the embedding 
of G 4 into Sp(2n,M.), which is the largest group acting linearly on the fluxes. The R- 
representation space of the U-duality group generally exhibits a stratification into disjoint 
classes of orbits, which can be identified by means of suitable sets of constraints on the 
G-invariant (homogeneous of degree four) polynomial I 4 [TUI H71 ITS] . 

BHs with charges fitting into different orbits of G 4 correspond to physically distinct 
solutions. Furthermore, the attractor mechanism na ns eh 1221 no ensures the BH 
entropy to be independent of the scalars at infinity, and to be a function of the electric and 
magnetic charges only. Thus, the Bekenstein-Hawking [241125] entropy can be expressed in 
terms of the invariant I 4 itself. It is here worth recalling the important distinction between 
the so-called “large” and “small” orbits. While the former have I 4 7 ^ 0 and support an 
attractor behavior of the scalar fields in the BH near-horizon geometry, for the latter the 
attractor mechanism does not hold, because they correspond to I 4 = 0 , thus yielding a 
vanishing Bekenstein-Hawking entropy (at least at the Einsteinian two-derivative level) 

[Ha¬ 
lt is then easy to realize that the classification of U-duality charge orbits plays a key role 
in the structure of solutions to gravity theories, since it captures remarkable properties of 
the spectrum of possible BHs (and more generally, of asymptotically flat brane solutions), 
in turn hinting to interesting string or M-theoretic insights. The orbits of the J\f = 8 
supergravity pQ and of the magic M = 2 supergravity based on octonions O [26], [27] were 
obtained in 4 and 5 dimensions in m for both “large” and “small” BHs exploiting Jordan 
algebraic techniques, based on the analysis of the Freudenthal triple systems defined by 
the charges. The orbits of the maximal supergravity theories were independently derived 
in [28] performing an analysis of the weight space of the U-representation R. 

The analysis started in m was then extended in [29| to the “large” orbits of the 
J\f = 2 Maxwell-Einstein supergravities coupled to vector multiplets, which also include the 
three non-exceptional magic theories (based on Hamilton’s quaternions H, on the complex 
numbers C and on the reals R). The “small” orbits of the triality-symmetric STU model 
G2H ED ED E3 El [351ES] were analyzed in m For the infinite sequences of AT = 4 
and J\f = 2 theories with symmetric scalar manifolds, the U-duality invariant constraints 
determining the stratification into distinct orbits as well as the corresponding properties 
of supersymmetry breaking, were obtained in m [38] . and then further investigated in 
133 Ha ED- For what concerns the relation between U-invariant BPS conditions and 
charge orbits in D = 5, in which magnetic black strings are the duals of electric BHs, it 

throughout the present investigation, we work in the (semi)classical regime for which the electromag¬ 
netic charges take values in the real numbers. Here U-duality is referred to as the “continuous” symmetries 
°f PQ. Their discrete versions are the non-perturbative U-duality string theory symmetries studied in [Tj. 
The orbit classification of the discrete stringy U-duality groups was started for the maximally supersym¬ 
metric D = 6, 5, 4 theories in ES- Moreover, for D = 4, Af = 8 supergravity it has recently been observed 
that some of the orbits of i? 7 ( 7 )(Z) should play an important role in counting microstates of this theory 
[HE]. The importance of discrete invariants and orbits to the dyon spectrum of string theory has been the 
subject of much investigation [71 l8l [9l ITOl 1111 1121113) . For a recent investigation, cfr. )14j . 
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was studied along the years in [IS1HH1 ESI S2l [13 S3 SH SH]- Then, in [3B] the analysis 
of symmetric supergravity theories in D = 4 and D = 5 was completed. In particular, by 
exploiting results and methods from |TBj [38, 30, 03j [37, 35] [31] and [35] [39], all “small” 
orbits were classified for non-exceptional magic supergravities, for Af = 2 ,4 supergravity 
coupled to an arbitrary number of vector multiplets including the special cases of the STU, 
ST 2 and T 3 models, as well as for minimally coupled Af = 2 , matter coupled AT = 3, and 
“pure” Af = 5 theories. For a review, see also [50] . Finally, the analysis of U-invariant BPS 
conditions and orbits in D = 6 supergravity theories, in which electric BHs and magnetic 
black two-branes are duals to each other and asymptotically flat dyonic black strings exist, 
was performed in 021 [Ml S3 Em]. 

The asymptotically flat solutions of supergravity theories discussed so far describe 
branes with at least three transverse directions, but in general in string theory there are 
also branes that have less than three transverse directions. One can consider for instance 
the D7- and D9-branes of the IIB theory and the D 8 -brane of the IIA theory. Although 
a single D7-brane does not have finite energy [511152], one can construct multiple brane 
configurations which include orientifolds to obtain finite-energy solutions. Similarly, the 
IIA D 8 -brane can be viewed as a solution of the massive IIA theory [53] whose consistency 
also requires orientifolds [53]. Finally, the space-filling D9-brane of the IIB theory plays a 
crucial role in the Type-I orientifold construction [55, 56]. All these objects are 1/2-BPS, 
and they give rise that a world-volume effective action which is ^-symmetric. 

In D dimensions, the branes with two, one or zero transverse directions are electrically 
charged under potentials that are (D — 2), (D — 1) and D-forms respectively. While 
the ( D — 2 )-forms are dual to the scalars, the other potentials are not propagating and 
their existence can only be determined by requiring the closure of the supersymmetry 
algebra. This was done for the ten-dimensional maximal theories in [571 [58l [59] , and then 
all the possible 1/2-BPS branes of the IIB theory were determined in [60] requiring the 
existence of a K-symmetric effective action. The outcome of that analysis is that there are 
less asymptotically non-flat branes than the corresponding components of the potential. 
For instance the IIB theory describes an SL( 2,R) quadruplet of 10-forms, but only two 
components can couple to 1/2-BPS 9-branes. 

The classification of all the forms of the maximal supergravity theories in any dimension 
was performed in [EQE 2 ] using the Kac-Moody algebra E\\ [B3J. Based on this, a complete 
classification of 1/2-BPS branes in maximal supergravity theories was obtained in [641 
Eg Eg ez]. The brane charges that are selected in this way correspond to particular 
components of the representations of the fields, and as already mentioned for the IIB case, 
for branes with two or less transverse directions the number of these components is less 
than the dimension of the representation. In [ 68 ] it was then understood that the 1/2- 
BPS branes correspond to the longest weights of the representations of the corresponding 
potential. In the maximal theory the potentials associated to the asymptotically flat branes 
have all weights of the same length, while those associated to the asymptotically non-flat 
ones have weights of different length. A simple example is the SL( 2,M) quadruplet of 
10-forms of IIB mentioned above: this representation has two long weights and two short 
ones, and the 1/2-BPS 9-branes correspond to the long weights. 

In [69l [70] it was shown that the aforementioned classification of branes can also be 
applied to the half-maximal theories. Although the orthogonal symmetry groups of these 
theories are not split, and the analysis of [ 68 ] cannot be straightforwardly applied, the 
1/2-BPS branes are still classified as specific components, identified by a set of light¬ 
like conditions, of the representations of the orthogonal symmetry group to which the 
charges of the branes belong. It was then understood in m that such conditions can 
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be reformulated as the precise group-theory statement that the branes correspond only 
to the longest weights that are real, where the reality properties are defined by the Tits- 
Satake diagram that describes the real form of the orthogonal group. This result can then 
be naturally conjectured to apply to any theory with scalars parametrizing a symmetric 
manifold, and in particular to all the magic JV = 2 theories discussed at the beginning of 
this introduction m- 

Focusing only on the branes that are asymptotically flat, like BHs in four and five 
dimensions, the fact that we have identified from a group-theory perspective what are the 
weights that correspond to a single 1/2-BPS brane (i.e. a rank-1 or 1-charge solution) in 
the magic JV = 2 super gravities means that one can now extend the analysis of [28| to 
these theories. This is precisely the aim of this paper. We will show that all the orbits of 
these theories correspond to bound states of single 1/2-BPS states associated to the real 
longest weights. We will first consider the theory with split U-duality group, which is the 
magic supergravity based on the simple rank-3 Jordan algebra on the reals in D = 5 
and 4. We will show that the stratification in different orbits of solutions of a given rank is 
due to the fact that that representations to which the BH charges belong contain weights 
of different length. Moreover, as an example of supergravity with a non-split U-duality 
group, we will carefully investigate the orbits of magic supergravity based on the simple 
rank-3 Jordan algebra on the complex numbers in D = 5 and 4 (similar results hold for 
the magic theories based on the rank-3 Jordan algebras and J®, on the quaternions and 
octonions, respectively). In this case we will show that the stratification arises because not 
all the weights in the representation are real. To summarize, we will be able to compute 
the stabilizers of various “large” and “small” orbits from the stability algebra of bound 
states of weight vectors of the corresponding representation spacell These results not only 
give an alternative method to compute the various orbits of extremal black holes, but more 
importantly they confirm the validity of the conjecture presented in m- It should be here 
remarked that our study provides and alternative approach with respect to the analysis 
based on nilpotent orbits of symmetry groups characterizing the D = 3 time-like reduced 
gravity theories mmm- 

It turns out that the generalization of these results to the case of branes with two 
or less transverse directions is not straightforward. In particular, in three dimensions a 
codimension-two object (i.e. a defect brane) is a 0-brane, and in [70] a complete classifi¬ 
cation of the types of such supersymmetric solutions in D = 3 maximal supergravity was 
performed. This classification did not give rise to a simple criterion for supersymmetry 
in terms of the charges of the objects. We will comment on how such a criterion could in 
principle be derived from our method at least for the case of defect branes in the maximal 
theories, while the extension to the defect branes of the JV = 2 theories could be more 
complicated due to the structure of the weights of the representations involved. 

The plan of the paper is as follows. In ISection ~2l we give a brief review of |28j that 
will be needed to understand the rest of the paper. In ISection ~3l we analyze in detail the 
orbit stratification of the BH representations in the JV = 2 magic theory based on in 
five and four dimensions. Then, in ISection 41 after quickly reviewing how the Tits-Satake 
diagram of a given real form is defined, we consider the JV = 2 magic super gravities whose 
U-duality Lie algebra is not maximally non-compact (i.e., non-split ), dealing in detail with 
the simplest case of the theory based on again in D = 5 and D = 4. ISection ~5l is devoted 
to the analysis of the supergravity theories based on the semisimple rank-3 Jordan algebras 

2 In this respect, and as far as the space-like “large” 4-charge duality orbit in D — 4 is concerned, it is 
worth mentioning that our approach to orbit representatives may be considered the Lie algebraic analogue 
of the constituent model of D = 4 non-BPS extremal BHs proposed in m- 
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M 0 In particular, we analyze in depth the illustrative example of the M = 2 

theory in four dimensions whose U-duality symmetry is SL{ 2,R) x SO{ 2,4). In ISection 61 
we comment on how our results could be extended to the case of defect branes. ISection 71 
contains the conclusions. Three appendices conclude the paper. In Appendix A we show 
why for split real forms the splitting of the orbits is due to the presence of short weights 
in the representation. Appendix B contains some details about the Cartan involution that 
are used in the paper. Finally, in |Appcndix C| we give a simple diagrammatic derivation 
of the 2 -charge orbits for the theory based on in four dimensions. 


2 Extremal black holes in maximal supergravity 

The orbits of extremal BH solutions of maximal supergravity theories were determined 
in [ 2 S] by computing the stabilizing algebra of suitable bound states of weight vectors of the 
representation of the U-duality symmetry to which the BH charges belong. In particular, 
the 1/2-BPS BH solutions have charges that are identified with a single weight vector of 
the representation]! and the solutions preserving less supersymmetry correspond to bound 
states of such 1-charge configurations. The aim of this section is to give a brief review 
of the results of [28j . that will be then generalized to theories with less supersymmetry 
in the rest of the paper. In particular, we will only focus on the five-dimensional and 
four-dimensional cases. 

The orbits of 1/2-BPS BHs can easily be computed by determining the stabilizers of a 
single weight vector, i.e. the generators that annihilate it. In particular, one determines 
the real form of the semisimple part of the stabilizing algebra from the action of the Cartan 
involution on the generators. It is worth reviewing here that, in general, a real form g of a 
complex Lie algebra gc is characterized by a Cartan involution 6, defined as an involution 
such that 

B d {X,Y) = B{X,6Y) (2.1) 

is negative definite, where B(X,Y) is the Killing metric and X and Y are generators of 
g. This implies that the compact generators have eigenvalue +1 and the non-compact 
generators have eigenvalue —1 under 6 . For instance, if the real form is compact, then the 
Killing metric is negative definite and the Cartan involution is the identity operator. In 
the case of the maximally non-compact {i.e. split) real form, one can define the action of 
the Cartan involution to be 


0H a = —H a 6E a = -E_ a , (2.2) 

where we denote with H a the Cartan generators and with E a the root generators. This 
relation implies that the Cartan generators are non-compact, while the root generators 
combine to form the compact generators F~ and the non-compact generators F+, both 
defined as 


Fa = F a ± E_ a 


(2.3) 


In general, from eq. (2.2) one derives how the Cartan involution acts on any combination 
of the generators that form a subalgebra, and hence the real form of its semisimple part. 

The orbits of less-supersymmetric solutions were computed in [28] by determining the 
stabilizers of “combinations” {bound states ) of weight vectors. For instance, by consider¬ 
ing the stabilizers of a combination of two weight vectors | W \) and | W 2 ) that are not 


3 As we will emphasize in the rest of the paper, for BHs of the maximal theories any weight corresponds 
to a 1-charge solution because the symmetry algebra is split and all the weights have the same length ED- 


5 












connected by U-duality algebra transformations, one obtains the orbits of the “small” 1/4- 
BPS BH solutions, that are bound states of two 1/2-BPS BHs whose charge corresponds to 
each of the two weight vectors. The stabilizers are the generators whose action vanishes on 
each of the weight vectors (which we refer to as common stabilizers), as well as those that 
bring them to two weight vectors that belong to a single weight space (which we refer to as 
conjunction stabilizers). More specifically, if E a \ W\) and Ep\ W 2 ) define the same weight 
space with weight W c . and E a \ W 2 ) = Ep | W\) = 0, then the conjunction stabilizer is the 
generator E 7 where 7 is uniquely determined to be equal to ^(a + /3)0 The construction 
is then naturally extended to bound states of more than two weight vectors. 


The five-dimensional theory has a global symmetry E (i ^, and we draw in Figure 1 the 
Dynkin diagram of the corresponding Lie algebra eg( 6 ). The BH charges belong to the 27, 
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Figure 1: The Dynkin diagram of e 6 ( 6 ). 


whose highest weight is 


Ai — $a 1 -)- 2 + 2 ct 3 + ilaq + pot 5 


«6 


(2.4) 


corresponding to the Dynkin labels 1 0 0 0 0 0. The generators that annihilate the 
highest-weight vector | Ai) form the e@( 6 ) maximal triangular subalgebra so(5, 5) x M 16 , 
which is the stabilizing algebra of the “small” 1/2-BPS orbit [161128] . Clearly, one would 
get the same algebra considering any other weight in the representation. 

Not all the weight vectors of the 27 can be reached acting with the generators of e 6 ( 6 ) 
on | Ai). In particular, one weight vector not connected to | Ai) is | A 2 ), with weight 


A 2 = -lai - \a 2 + ba 4 + I 


a 5 


(2.5) 


One can then consider the bound state | Ai) + | A 2 ), whose stabilizing algebra is so (4, 5) x 
M. 16 , corresponding to the “small” 1/4-BPS orbit [16( 128]. There is still one weight vector 
that is neither connected to | Ai) nor to | A 2 ), which is the lowest-weight vector | A 3 ), 
whose weight is 

A 3 = —§Q 7 — 3^2 — 3a 3 — 4 — • (2.6) 

One can determine the 3-charge orbit from the stabilizers of the bound state | Ai) +1 A 2 ) + 

| A 3 ), giving the algebra f 4 ( 4 ), corresponding to the “large” 1/8-BPS orbit. All the weight 
vectors of the representation are connected to at least one of the three weight vectors just 
considered, which means that one cannot construct a BH solution of rank higher than 3 
in this theory [28]. 

One might ask what happens to the analysis above if one changes the relative sign of 
one of the weight vectors, which corresponds to changing the sign of one of the charges 
of the constituents of the bound state. One can show that in general nothing changes for 
the BH orbits of the maximal theories, because the relative sign of the charges has no 
effect in determining the real form of the stabilizing algebra. One single exception to this 
general rule is the case of the 4-charge orbits in four dimensions. Indeed, as we will show 

4 Here one is using the fact that the algebra is simply laced, which is always the case for the maximal 
theories. 
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below, the splitting of the rank-4 solution in two different orbits (the 1/8-BPS and the 
non-supersymmetric dyonic orbits) is due to the fact that changing the sign of one of the 
weight vectors in a 4-charge bound state leads to a stabilizing algebra which is a different 
real form of the same complex algebra. As we will see in the rest of the paper, this feature 
is completely general in theories with less supersymmetry. 

We now move to discussing the orbits of the four-dimensional theory, whose U-duality 
symmetry is i? 7 ( 7 ) • We draw in |Figurc~2 the Dynkin diagram of the Lie algebra c 7 ( 7 ). The 


«1 

o- 


OL 2 

o 


o 7 


«3 

o- 


a 4 

O- 


«5 

o 


ag 

o 


Figure 2: The Dynkin diagram of £ 7 ( 7 ). 


BH charges belong to the irrep. 56, whose highest weight is 

A] = a 1 + 2a 2 + 3ct3 + (joq + 2 a^ + t;Qlq + \ol 7 


(2.7) 


corresponding to the Dynkin labels 0 0 0 0 0 1 0, using the conventions for the simple 


roots defined in |Figurc 2] The stabilizers of the highest-weight vector | Ai) form the e 7 ( 7 ) 
maximal triangular subalgebra Cg(g) x R 27 , resulting in the 1/2-BPS “small” orbit [I6l '28]. 

Exactly as in five dimensions, one considers bound states of weight vectors that are 
not connected to each other by transformations in the algebra. In the case of the 56, the 
maximum number of such weight vectors is four, and in particular we choose them to be 
| Ai) together with | A 2 ), | A 3 ) and | A 4 ), whose weights are 


A 2 = qi + a 2 + o;3 + ^0:4 — ^ag T rjcty 

A3 = —a 1 — ce 2 — 0:3 — ^0:4 — T^a g — 

A4 = —cxi — 2a 2 — 3 q 3 — ^0:4 — 2Q5 — ^ctg — ^oy 


( 2 . 8 ) 


The 2-charge bound state | Ai) + | A 2 ) has a stabilizing algebra (so( 6 , 5) tx R 32 ) x R, while 
the 3-charge bound state | Ai) + | A 2 ) + | A 3 ) has a stabilizing algebra f 4 ( 4 ) x R 26 . They 
correspond to the 1/4-BPS and 1/8-BPS “small” orbits 16. '281. 

As already anticipated, the 4-charge orbits are special because as we will show now the 
result depends on the relative sign on the weight vectors. In particular, one can consider 
the bound state 

I Ai) + | A 2 ) + | A 3 ) + | A 4 ) , (2.9) 

which will turn out to give the 1/8-BPS “large” orbit, and the bound state 


I Ai) + | A 2 ) + | A 3 ) — | A 4 ) 


( 2 . 10 ) 


which differs from the one in eq. (2.9) because we have changed the sign of one of the weight 


vectors, and which will result in the dyonic orbit. Without going into the details, we can 
analyze the compactness of the stabilizers using the fact that the Cartan involution acts 


as m 


eq. ( 2 . 2 ) As we will see, it will turn out that some of the stabilizing generators are 


combinations of the F generators defined in eq. (2.3) and changing the sign in the bound 


state corresponds to transforming stabilizers that are combinations of F~ generators in 
stabilizers that are combinations of F + generators. 

We now proceed with a more detailed analysis of the stabilizing algebra. There are 
28 common stabilizers, where four of them are Cartan and thus are non-compact because 
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conj. pairs 

Ai ) + A 2 ) +1 A 3 ) + A 4 ) 

Ai) + A 2 ) +1A 3 ) — A 4 ) 

(Ai, A 2 ) — (A 3 , A 4 ) 

F d +F i 

rr+ — F + 

(A-i, A 3 ) — (A 2 , A 4 ) 

F a + F A 

F+ - F+ 

a x 7 

(Ai, A 4 ) — (A 2 , A 3 ) 

F a ~ F 0 

F+ — F + 
r a r 0 


Table 1: The generators that change compactness in the two 4-charge bound states of the 56 of £ 7 ( 7 ). In the 
first column we list the pairs of weights for which the corresponding generators are conjunction stabilizers. 
In each of the second and third columns, there are only two independent generators. 


of eq. (2.2), while the other 24 are root generators and thus split into 12 compact and 
12 non-compact stabilizers. These are the same for the two bound states. Among the 
conjunction stabilizers, there are 48 root generators that evenly split into 24 compact and 
24 non-compact, and again this is not sensitive to the sign of the bound state. There 
are only two conjunction stabilizers that are compact for the bound state of eq. (2.9) and 
become non-compact for the one in eq. (2.10) Here we only focus on these generators. 
Defining the roots 


ol — 2ol\ -f- 3a 2 T 4 013 T 3oq -{- 2015 T erg T 2cxj 

f3 = ol 2 + 2a 3 + 2a4 + 2«5 + erg + cr7 

7 = «6 , ( 2 . 11 ) 



generators, leading to the split real form c 6 ( 6 ). These correspond to the 1/8-BPS and the 
dyonic “large” orbits. The latter orbit can also be obtained as the bound state | Ai ) + | A 5 ), 
where A 5 = — Ai is the lowest weight [28]. One can show that no further stratification 
occurs, and in particular the bound state | Ai) + | A2) — | A 3 ) — | A4) is the same as the 


one m 


eq. (2.9) 


3 Magic J\f = 2 supergravity based on 

The classification of orbits of extremal BHs as bound states of 1/2-BPS objects per¬ 
formed in [28] for the case of maximal theories can be naturally extended to those particular 
J\T = 2 theories whose U-duality groups are maximally non-compact (i.e. split). In par¬ 
ticular, we consider in this section the four and five-dimensional theories resulting from 
the uplift of the D = 3 theory with global symmetry . BH orbits in D = 4,5 were 
obtained in [ 161 [291 [46] by analyzing the symmetries of the attractor equations (for “large” 
orbits) as well as the corresponding U-invariant constraints and Freudenthal triple system. 
In this section we will derive the same orbits as resulting from bound states of the weight 
vectors associated to the longest weights of the global symmetry representation to which 
the BH charges belong. We will first consider the D = 5 case, with symmetry SX(3,M), 
and then the D = 4 case, with symmetry Sp( 6 ,M). 




















I 

I 


<M I 



Figure 3: The weights of the 6 of sl(3, R). We have painted in red the three long weights. 


3.1 D = 5 

Besides the spin-2 graviton, the massless bosonic spectrum of the ungauged magic 
AT = 2 , D = 5 Maxwell-Einstein supergravity based on (coupled to 5 vector multi- 
plets) consists of 5 real scalars, parametrizing the symmetric coset SL(3,M)/SO(3), and 
5 Abelian vectors which, together with the vector in the gravity multiplet ( graviphoton ) 
transform!! in the 6 (rank-2 symmetric) of SL(3,M) 1261 l2?ll! 


3.1.1 1-charge orbit 


The orbits of “small” extremal BH solutions with vanishing quadratic constraint on 
the charges, i.e. the highest-weight orbits, are called rank -1 orbits in the language of 
Jordan triple systems [ZBI0S1. The 6 of SL(3,R), which is the representation with two 
symmetric fundamental indices, contains three long weights and three short weights, as 
shown in Figure 4 and the highest-weight orbit can easily be computed by determining 
the generators that stabilize each long-weight vector [ 68 ] . In components, the black-hole 
charge is Qmn = Q(mn ) ( M,N = 1,2,3) and the long-weight vectors correspond to the 
components Qn, Q 22 and Q 33, which are indeed the components for which the quadratic 
constraint vanishes, while the other three components are associated to the short-weight 
vectors. The Dynkin labels of each weight in Figure 3] are listed in Figure 4 In both 
figures the long weights are denoted by A t while the short weights are denoted by Ej, with 
z = 1,2,3. In particular, 

Ai = |aq + | a 2 (3.1) 


is the highest weight, where we denote with aq and 02 the simple roots of the Lie algebra 
51(3,M). The diagram in Figure 4 is drawn using the conventions explained in [ 68 ], and 


5 In fact, among all Maxwell-Einstein supergravities with homogeneous scalar manifold, magic super¬ 
gravity theories are the only unified theories in D = 5 m 

6 In D = 5, there are two classes of asymptotically flat branes: electric black holes (0-branes) and mag¬ 
netic black strings (1-branes), respectively sitting in the 6 and 6' of SL( 3,R), using opposite conventions 
on irreps. of SL( 3, R) and SL( 3, C) with respect to the ones used in 1451 . 
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20 Aj 


011 Si 



Figure 4: The weights of the 6 of sl(3,R). The weights are represented by boxes, and the entries of each 
box are the Dynkin labels of the corresponding weight. 


in particular going down in the right direction means subtracting cti, while going down in 
the left direction means subtracting « 2 - 

By looking at the diagram in |Figurc 4 it is easy to determine the generators E a that 
stabilize each single weight vector | W ) with weight W. by observing the roots a that do 
not give another weight in the diagram when summed to W, together with the Cartan 
generators that annihilate the weight vector. In general, we are interested in all the weight 
vectors that are not connected by transformations of the Lie algebra, and in the particular 
case of the 6 of SL(3, M) a choice of such vectors is | A,) (i = 1 , 2 ,3), whose corresponding 
stabilizing generators are listed in ITablc 2 FI The semisimple part of the stabilizing algebra 
is identified by the subset of the stabilizers closed under the action of the Cartan involution, 


which acts as in eq. (2.2) because the algebra is split. The final result is that the stabilizing 
algebra for each long weight A,; is sl(2,R) x R 2 , which is precisely the rank-1 orbit in the 
language of [Y8j 148j . The stabilizing algebra of the short weights is instead so(l, 1) tx R 2 . 


3.1.2 2-charge orbits 

As reviewed in the previous section, in [28] the orbits of BH solutions of maximal 
supergravity with rank higher than 1 were computed by determining the stabilizers of 
bound states of weight vectors. In JV = 8 maximal supergravity the representations of the 
BH charges always have a single dominant weight, which means that all weights have the 
same length. This is clearly not always the case for J\f = 2 theories. As we will see below, 
this implies that the analysis of orbits of bound states of 1/2-BPS BHs has to be refined. 

Knowing that the 1-charge 1/2-BPS BHs correspond to the longest weights [ 68 ], we 
want to derive the 2 -charge ( i.e . rank -2 HHJIIE]) orbits as those that stabilize the combi¬ 
nation of two such weights, in the very same way as in the maximal theory. Schematically, 
given the 1-charge BHs associated to the longest weights Ai and A 2 , we write their bound 
state as | Ai) +1 A 2 ). As in maximal supergravity, this state is annihilated by the common 
stabilizers and by the conjunction stabilizers. From ITable 21 one obtains that the com¬ 
mon stabilizers are E ai+a2 and E a2 , while from Figure 4 it is clear that there is only one 


weight vector that can be reached from | Ai) by acting with E- ai as well as from | A 2 ) by 
acting with E ai , namely the short-weight vector | Si). Correspondingly, the conjunction 


7 We also list in the table the stabilizing generators for the short-weight vector | Si), which is not 
connected to | A 3 ). 
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height 

1 Ai) 

A 2 } 

A 3 ) 

|Ei> 

2 

E ai +ot2 

Ea\+ot2 


Eai+a .2 

1 

E E 

1 ■ Lj cx.2 

E 

J — J OL2 

E m 

E 

J - J OL2 

0 

H-OC2 

H(X1 “ 1 “ Hq,2 

H ai 

H a r 

-1 

E 

^—(*2 

E- a i 

E E 


-2 


E 

■*—* — — Ot.2 

E 

j - / —ol\—ol2 



Table 2: Stabilizers for the weight vectors of the 6 of sl(3,R). The first three (long) weights have a 
stabilizing algebra sI(2,R) x R 2 , while for the last (short) weight Ei one gets so(l, 1) x R 2 . We list in the 
first column the sum of the coefficients of the simple roots that occur in a given root, which we dub its 
height [7T[ . 


stabilizer is E ai — E_ ai . It is worth observing that, with respect to the same analysis 
for the maximal supergravity [25] . in this case the two roots are one the opposite of the 
other, which means that the conjunction stabilizer is not associated to a combination of 
roots. Moreover, if one formally takes the linear combination | Ai) — | A 2 ), the common 
stabilizers are the same as before, while the conjunction stabilizer becomes E ai + E_ ai . 
We recognize in these two combinations the generators F~ and F£ defined in 
Remembering the generator F~ is compact while the generator F+ is non-compact, we 
get that the stabilizing algebra is so(2) tx M 2 for the | Ai) + | A 2 ) orbit and so(l, 1 ) tx M 2 
for the | Ai) — | A 2 ) orbit. This is summarized in ITablelll 


eq. (2.3) 


Common 

Ai) + | A 2 ) Conjunction 

Ai) — A 2 ) Conjunction 

E>ol\+ol2 

'OL2 

F~ 

Oil 

F + 

- «i 


Table 3: Generators of the | Ai) + | A 2 ) and | Ai ) — | A 2 ) stabilizing algebras, that are so(2) x R 2 and 
so(l,l)xR 2 respectively. 

It should be stressed that the existence of two 2-charge orbits is here exactly due to 
the fact that there are short and long weights in the representation. Indeed, whenever 
this occurs, one gets two long weights that are connected to a short weight by E a and 
E- a respectively, and therefore one can get both F~ and F+ as suitable conjunction 
stabilizers!! This is explained in detail in |Appcndix A| As we will see, this will also be the 
cause of the splitting of the 3-charge configurations in two different orbits in this theory, 
as well as of the existence of more than one U-orbit (with rank > 1) in the corresponding 
four-dimensional theory. 

Another crucial point to observe, which will be used throughout the paper, is the fact 
that the | Ai) — | A 2 ) orbit coincides with that of | £ 1 ), as can be seen from ITable 2l The 
comparison with the literature reveals that the orbit with a more compact stabilizer, i.e. 

| Ai ) + | A 2 }, is 1/2-BPS, whereas the | Ai) —| A 2 ) orbit is non-super symmetric. This result 
also will turn out to be completely general: the non-supersymmetric orbit can always be 
obtained as a bound state of weights where one of them is short. 

s The fact that in the maximal theories all the weights have the same length explains in this perspective 
why in the maximal five-dimensional supergravity the splitting of the orbits does not occur. 
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3.1.3 3-charge orbits 


We now move to the “large” 3-charge (or rank-3 [751148) ) orbits. Repeating the con¬ 
struction above, we want to derive these orbits as bound states of three long-weight vectors. 
Up to an (irrelevant) overall sign, there are two possibilities for the choice of representa¬ 
tives, i.e. | Ai) +1 A 2 ) +1 A 3 ) and | Ai) + | A 2 ) — | A 3 ). We see 


there are 

no common stabilizers, while from Figure 4 one derives that the conjunction stabilizers of 
each pair of long-weight vectors annihilates the third, which implies that they are stabi¬ 
lizers of the bound state of three long-weight vectors. Finally, there are no weight vectors 
that are connected by the algebra to all of the three long-weight vectors; this translates 
to the statement that there are no 3-conjunction stabilizers H The overall result is sum¬ 
marized in ITable 4l which shows that while all generators in the first case are compact, in 
the second case the conjunction stabilizers involving the weight A 3 become non-compact. 
As a result, we get the stabilizing algebra su( 2 ) in the first case and 51(2, R) in the second, 
in precise agreement with the literature [33]. In particular, the | Ai) + | A 2 ) + | A 3 ) orbit 
is 1/2-BPS while the | Ai) -f | Ao ) — | A 3 ) orbit is non-supersymmetric. 


2 -conj. 

Ai ) + | A 2 ) + A 3 ) Stabilizers 

Ai) + | A 2 ) — A 3 ) Stabilizers 

Ai, A 2 

F~ 

M Oil 

F~ 

Ai, A 3 

F~ 

01+02 

F + 

01+02 

A 2 , a 3 

F~ 

OL2 

F+ 

Oi2 


Table 4: Stabilizers of | Ai) + | A 2 ) + | A 3 ) and | Ai) + | A 2 } — | A 3 } bound states, resulting in su(2) and 
si(2,R) respectively. In the first column we list the weights of the states for which the corresponding 
operator is a conjunction stabilizer. 


Finally, we can determine the stabilizers of the bound state of a long-weight vector 
and a short-weight vector. Considering e.g. | A 3 ) + | Si), it can be checked using ITable 21 
and Figure 4 that the stabilizers are those listed in ITable Til leading to the algebra so(l, 2 ), 
which is isomorphic to sl(2,E). We therefore get the same orbit as for the bound state 
| Ai) +1 A 2 ) — | A 3 ), in agreement with the aforementioned general rule that a short-weight 
vector is equivalent to the difference of two long-weight vectors. This is also confirmed by 
the fact that the bound state | A 3 ) — | £ 1 ) leads again to the same stabilizer, as can be 
checked using the same procedure. 


| A 3 ) + | £ 1 ) Stabilizers 

Common 

Conjunction 

H ai 

Eoti~\-Oi2 E—Oi2 

EOi2 ^—Oii~Oi2 


Table 5: Generators of the so(l, 2) stabilizing algebra of | A 3 ) + | Ei). 

This completes the analysis of the orbits for the 6 of sl(3, R). We summarize the results 
in ITablc~ 6 l matching those reported in Table II of [33] (c/r. also Refs, therein). 

9 In general, an n-conjunction stabilizer occurs when n weights are connected to a single weight by 
transformations of the algebra. 
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In the next subsection we will show that all the orbits of the 14' of sp(6,R), pertaining 
to extremal BHs of the Af = 2, D = 4 Maxwell-Einstein theory based on J®, can be 
computed as bound states of longest-weight vectors, exactly as in D = 5, and in particular 
we will again see that the existence of more than one orbit (with rank > 1) is related to 
the presence of short weights in the representation, and the orbits that can be obtained 
as bound states involving short-weight vectors are always non-super symmetric ones. 


State 

Stabilizer 

.-state 

|Ai> 

sl(2,M) x M 2 

<D 

1 Ai) + A 2 ) 

so(2) x M 2 

a 

<Z3 

C4 

1 Ai) — A 2 ) 

so(l,1) x R 2 


|Ei) 

so(l,1) x R 2 


Ai) + | A 2 ) + A 3 ) 

su(2) ~ so(3) 

0) 

Ai) + | A 2 ) — A 3 ) 

sl(2,R) ~so(l,2) 

CO 

1 A 3 ) + | ) 

50(1,2) 


| Aa) — |Si) 

50(1,2) 


Table 6: Stabilizers in the 6 of sl(3,R). 


3.2 D = 4 


The Af = 2, D = 4 Maxwell-Einstein supergravity theory based on (coupled to 6 
vector multiplets) has a global U-duality symmetry Sp(6 ,R) [26] [27]. I n order to define 
our conventions for the simple roots of the sp(6,R) algebra, we draw its Dynkin diagram 
Figure 5~F*1 As in the D = 5 case discussed above, the symmetry group is split, which 


m 


o 


Q < Q 

CX-2 £*3 


Figure 5: The Dynkin diagram of sp(6,R). 


implies that the Cartan involution acts on the generators as in eq. (2.2) The electric 


and magnetic charges of the extremal black holes in the theory transform in the (rank-3 
anti-symmetric skew-traceless) irrep. 14', that is the representation whose highest weight 


is 


Ai — a i + 2a 2 + § 


a 3 


(3.2) 


with Dynkin labels 0 0 1. In Figure 6 we draw the weights of the 14', as well as the 


simple roots that have to be subtracted to any given weight in order to get the weights 
below them in the figure. As above, the long weights are denoted by A and the short ones 
by E. As it can be seen from the figure, eight weights are long and six are short. 


10 In |Appcndix B] we give a detailed derivation of the structure constants of this algebra that are used in 
this section. 


13 





















0 0 11 A] 


ay 

0 2-11 a 2 



Figure 6: The weights of the 14' of sp(6, R). 


3.2.1 1-charge orbit 

The 1-charge ( i.e. rank-1 [78, .15]) BH orbits can be computed from the stabilizing 
algebra of each long-weight vector. Here we want to show that all the orbits of rank 
higher than one can be computed as bound states of long-weight vectors, precisely as 
occurring in D = 5. In particular, we consider bound states of weight vectors that are 
not connected to each other by an infinitesimal transformation, i.e. by a transformation 
in the algebra sp( 6 ,M). Starting from the highest-weight vector | Ai), without any loss 
of generality, we choose the other long-weight vectors to be | A 4 ), | Ag ) and | A 7 ). We 
list in ITable~7l the generators E a that stabilize these weight vectors, as well as the Cartan 
stabilizers H. We also list the stabilizers for the short-weight vector | Xlg), not connected 
to the weight vectors | Ai) and | A 4 ), because we want to show that, as it holds in D = 5, 
the existence of two 2-charge and two 3-charge orbits is ultimately due to the presence 
of short weights, and that non-supersymmetric orbits can always be obtained as a bound 
state involving a short-weight vector. Finally, in ITable 7l we also list the stabilizers of 
the lowest-weight vector | As ), that will be needed for the rank-4 dyonic orbit. As can be 
deduced from ITable 71 for each long weight one obtains the stabilizing algebra sl(3, M) ix M 6 , 
in agreement with the literature | TB] , 

On the other hand, the stabilizing algebra of each short weight is so(2, 2) k (R x M 4 ). 
Since in this analysis a short-weight vector can be traded for a difference of two long-weight 
vectors, we will see below that so( 2 , 2 ) k (R x R 4 ) is indeed the stabilizer of a 2 -charge 
{i.e. rank- 2 ) orbit ofsp( 6 ,M). 
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height 

|Ai) 

a 4 > 

1 Ae> 

1 A r > 

|S 6 > 

1 A 8 ) 

5 

£2oi +202+03 

£201+202+03 





4 

-£'ai+2Q2+Q:3 

£oi+2o2+03 

£oi+ 2 q 2+03 




3 

-£'01+02+03 
-£202 +03 

£oi+02+Q3 

£202 +03 

£01+02+03 

£202 +03 


2 

£01+02 

£02+03 

£01+02 

£q1+02 

£02+03 

£02 +03 


£q 1+02 

1 

£01 

£02 

£03 

£01 

£02 

£02 

£01 

£03 

£03 

£01 

£02 

0 

H ai 

£02 

£02 

£oi + 2 £q ;3 

£01 £0 2 
£02 + 2^0,3 

H ai 

£02 + 2 £q 3 

£02 

£03 

H ai 

£02 

-1 

£-Ol 

£-02 

£—02 

£—03 

£-01 

£—03 

£-01 

£—02 

£-01 

£—03 

£-Ol 

£—02 

£—03 

-2 

£—01—02 

P 

02— 03 

£—01—02 

£—02—03 

P 

■‘~ J —Ol —02 

£—02—03 

£—01—02 

£—01—02 

£—02—03 

-3 


£—Ol —O2—O3 
£-202-03 

£—Ol —02 —03 

P 

-*- / —01—02—03 

£-202—c*3 

£—Ol —02 —03 
£—2 o 2 —03 

P 

—Ol—02—03 

£-202-03 

-4 


£—01 —202 —03 

P 

— Ol—202—03 

£—01 —202 —03 

£—01 —202—03 

£—01 —202 —03 

-5 



£-2 oi —202 —03 

£-2 oi —202—03 

£-2 oi —202 —03 

£-2 oi —202 —03 


Table 7: Stabilizers for the weight vectors of the 14' of sp(6,R) that are used in the analysis of the paper. 


3.2.2 2-charge orbits 

We now move to consider the multi-charge states as being associated to combinations 
of long-weight vectors. In particular, the 2-charge orbits result from the bound states 1^1 


I A-i) + | A4) 


At ) ~ I A, 


(3.3) 


The stabilizers of each orbit can be read from ITable 81 In general, one can deduce the 
real form of the semisimple part of the stabilizing algebra by looking at how the Cartan 


involution acts on the corresponding generators following eq. ( 2 . 2 ) 


In the | Ai) + | A 4 ) case, one can recombine all the conjunction stabilizers and the 
common stabilizers H a2 , E a2 and E- a2 in the form 

E fh = 9(^2 +*^02+03) 


E Pi = 


E Ot 2 ^( E 2ct2-\-Ot 3 E —CK 3 ) 

E —OL 2 ^(^ E Oi 3 E -2q.2—CX-3^ 


E ~/h = o 


E 02 9 (-^«2 *^ 02 + 03 ) 


= 77 


E -fc 2 


2 ^ (-^ 2 q 2 +013 -^ 0 : 3 ) 

E—a 2 + i( E a 3 — E — 20 : 2 — 0 : 3 ) 


(3.4) 


11 In |Appendix C] we give a simple argument that shows that one obtains the same orbits considering 
any other pair of long-weight vectors. 
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Common 

Ai) + | A 4 ) Conjunction 

Ai) — | A 4 ) Conjunction 

7^201 + 2 o 2 +03 
7^01+202+03 
7^01+02+03 
7^01+02 

E ai 7?o 2 
77o2 

7^—02 

F~ 

a2+c*3 

■^ c 2 ol 2 ~\~ol 3 ^—ol 3 

^OL3 -E—2CX.2 — Oi% 

F + 

x Q 2 +0=3 

■^2cx.2-\-ol3 E—olz 

Eq.3 + E—2&2—Ct3 


Table 8: The stabilizers of the bound states of two long-weight vectors, namely | Ai ) + | A 4 ) and | Ai) — | A 4 ). 
In the first case one gets the algebra so(l, 3) k (R 1 x R 4 ), while the second case gives so(2, 2) x (R 1 x R 4 ) 
(this latter case matches the stabilizer of each short weight). 


The generators H / g 1 , Ep 1 and and the generators Hp 2 , Ep 2 and E_p 2 form two 

separate su( 2 ) algebras, and from eq. ( 2 . 2 ) it follows that 


6 Hp 1 = -H, 


02 


0E 8l = -E_ 


02 


(3.5) 


As a consequence, the generators in eq. (3.4) form the algebra 51(2, C) which is isomorphic 
to so (1,3). The remaining stabilizers in the first column of ITable~ 8 l transform in the 4 ® 1 
of 50(1,3), where the singlet is the generator 7 ? 2 oi+ 2 o 2 +a 3 - Thus, the stabilizing algebra 
in the | Ai) + | A 4 ) case is so(l, 3) ix (R 1 x R 4 ). 

Similarly, in the case of the | Ai) — | A 4 ) bound state one deduces from ITablc 81 that 
the semisimple part of the stabilizing algebra is generated by 

-^71 = 2 (-^"2 + Fa 2 + a 3 ) 


E 71 


/ 


Ot.2 


1 

72L 

E -J- 

71 “ V 2 

^72 = 2 (^“2 — ^ a 2 + a 3 ) 


(7^202+03 T E— a 3) 

E —o 2 (Tck 3 T E —202—03) 


Ty 2 — 


v^L 


^02 T (^ 202+03 T T'—Q.g) 


1 


E ~ 12 ~ y /2 L 


E -012 T (-^03 T T'_ 2 o 2 — 03 ) 


(3.6) 


Again, the first three generators commute with the last three, but in this case using 


eq. ( 2 . 2 ) one gets 


— E-ry t i — 1,2 , (3-7) 

which implies that the semisimple part of the stabilizing algebra is 51(2, R) ©sl(2,R), that 
is isomorphic to so(2,2). The full stabilizer of the | Ai) — | A 4 ) orbit is so(2, 2) x (R 1 x R 4 ). 

As holding in the D = 5 treatment performed in the previous subsection, the D = 4 
analysis of the 2 -charge states of long weights reveals that the existence of more than one 
rank -2 orbit can be traced back to the presence of the conjunction stabilizers F± 2+a3 in 
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Common 

2 -conj . 

I £l } + I £4 ) + Ag ) 

Ai ) + | A4) — Ag) 

Eol 1 -\-2ol2-\-OL2> 


rp— 

r OL2+OL2, 

rc— 

r a2+Oi3 

£«i+o 2 

< 

■^2cX2~\~° i 3 E— Q/3 

E2oL2~\-Ot.3 E—q,£ 

£«2 

CO 

<1 

F~ 

M 01+02+03 

F + 

^ 01+Q2+03 


< 

E^Oii -\-2oi2~\~0^3 E E—oi 3 

E^Oi 1+2 (X2~\-&3 E—OL2, 


CO 


F+ 

Oil 


< 

E^olx-\-2ol2 +0:3 “I - E c 2ql2-\-ol3 

E2oii-\-2oL2~\-OL3 E2cn2 +o ;3 


Table 9: The stabilizers of the bound states of three long-weight vectors, namely | Ai} + | A 4 ) + | Ag } 
and | Ai) + | A 4 ) — | Ag ), giving the algebra su(2) K R 5 and su(l, 1) x R° respectively. The 2-conjunction 
stabilizers connect the two weight vectors whose weights are listed in the second column, and annihilate 
the third weight vector. 


ITable 81 As resulting from Figure 6 , these operators transform the states with weight Ai 
and the states with weight A 4 to a state with weight Si, which is short. Hence, as is 
the five-dimensional case, the existence of two 2 -charge orbits is due to the presence of 
short weights in the relevant U-representation. By comparing with the literature [36], we 
observe that the | Ai) + | A 4 ) orbit, whose stabilizer is more compact, is supersymmetric, 
while the | Ai) — | A 4 ) orbit, whose stabilizer has a maximally non-compact semisimple 
part, is non-supersymmetric. As is the five-dimensional case, the latter orbit can also be 
obtained as the one stabilizing a single short weight, and indeed from ITable 71 one gets the 
stabilizing algebra so (2, 2)«(Rx R 4 ) for the short weight Eg (and actually for each short 
weight). 


3.2.3 3-charge orbits 

The 3-charge orbits can be obtained as the stabilizers of the bound states of the three 
long-weight vectors 


Ai) + | A4 ) + | Ag ) | Ai) + | A4) — | Ag ) • ( 3 - 8 ) 


We first consider the | Ai) + | A 4 ) + | Ag ) orbit. The common stabilizers are the subset 
of the stabilizers in the first column of ITablclil which stabilize | Ag) as well, and by ob¬ 
serving Figure 6 one deduces that these are the generators E ai+ 2 a 2 +a 3 , F a 1+a2 and E Q2 . 
Furthermore, out of the 2 -conjunction stabilizers of | Ai) + | A 4 ), only the first two in the 
second column of ITable ~8l namely F~ 2+ and £ 202+03 ~ £-o 3 , stabilize | Ag ). By repeat¬ 
ing the same analysis for the generators that are 2-conjunction stabilizers for | Ai) + | Ag ) 
and are stabilizers of | A 4 ), one gets the generators F~ +a2+ and £’ 201 + 202+03 + £-o 3 0 
Finally, the 2-conjunction stabilizers of | A 4 ) + | Ag) that also stabilize | Ai) are F~ x and 
£ 201 + 202+03 + £ 202 + 03 - The latter generator is not linearly independent, and therefore 
we do not consider it in the stabilizing algebra. Actually, there also exists a 3-conjunction 
stabilizer, because the states with weights Ai, A 4 and Ag can be transformed to the state 
of weight A 2 by acting with the generators £_q 3 , £ 202+03 and £ 201 + 202+03 respectively, 


12 The conventions for the signs are all consistent with the structure constants defined in |Appcndix B| 
Choosing whether the F generators are compact or not, which corresponds to our choices of the relative 
signs in the bound states, imposes the other stabilizers to be exactly those in lTablc~9l In particular, defining 
the weight vector | A 2 ) by the relation E- as | Ai) = | A 2 ) implies that E 2ai + 2 a 3 +q 3 | Ag } = — | A 2 }, giving 
the stabilizer E 2ctl + 2a2 + a3 + E- as for the bound state | Ai} + | A4 ) + | A 6 }. 
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Common 

1 Ai ) + 1 Eg ) Conjunction 

| Ai) — | Eg ) Conjunction 

E'2ot2+OLZ 
E(X 3 

Hot 2 
E-ci 1 

E—ol\—OL 2 

-^-''0:2+0! 3 2.£/— 2a\ —20:2—03 
-^0:1+202+03 -E'—Q il —ot 2 —Oi 3 

Eql 1+012+0:3 E— Qi— 2Q2 — OL 3 

E(y, 2 ~\~CX .3 ^E —2ai—20:2— 

-^0:1+20:2+0:3 -^' — 01—02—0:3 

-^0:1+02+0:3 “1“ E —qi —202 —03 


Table 10: The stabilizers of the | Ai) + | £6 ) and | Ai) — | £e ) orbits. 


but this stabilizer is not independent because each pair of generators is a 2 -conjunction 
stabilizer for a pair of states that also stabilizes the third state. To summarize, in the first 
and third columns of lTablc 1)1 we list the independent stabilizers of the | Ai) + | A 4 ) + | ) 

bound state. 

Repeating the same analysis for the | Ai) + | A 4 ) — | Ag) case, one has to modify 
the 2 -conjunction stabilizers that involve the weight A@ in a way similar to what hap¬ 


pens in ITable 8l for the bound states of two long-weight vectors, he. F , F a 


7 2qi+2o2+03 


+ E 

— O 3 become F +, F+ 


ai-t-a2+c«3 


and E■ 


2oi+2q2+03 


and 


— E - a3 , respectively. The 


stabilizers of the | Ai) H- | A 4 ) — | Ag) bound state are listed in the first and fourth column 
of ITable 1)1 

The semisimple part of the stabilizing algebra of the 3-charge states is given by the 
generators F± in ITable 91 In the | Ai) + | A 4 ) + | Ag ) case, this yields the compact algebra 
su(2), and thus the full stabilizing algebra is su(2) tx R 5 . On the other hand, in the 
| Ai) + | A 4 ) — | Ag) case, there are two non-compact and one compact generators in the 
semisimple part of the stabilizing algebra, which therefore leads to the algebra sl(2,R), 
and consequently the full stabilizing algebra is sl(2, R) x R 5 . As in the 2-charge orbits, the 
generators that change the compactness of the stabilizing algebra have the form given by 


eq. (2.3), connecting each long-weight vector to a short-weight vector (see Appendix A for 


details), and therefore the existence of more than one orbit is again due to the presence of 
short weights in the representation. By comparison with the literature |3E] ? the 1/2-BPS 
orbit is related to | Ai) -+-1 A 4 ) + | Ag ), and in this 3-charge case has a compact stabilizer, 
while the non-super symmetric orbit is related to | Ai) + | A 4 ) + | Ag ), whose (semisimple 
part of the) stabilizer is maximally non-compact. 

As in all previous cases, one can obtain the non-super symmetric orbit as a bound 
state involving a short-weight vector. In particular, one can consider in this case the 
bound states | Ai) ± | Eg), whose stabilizers are listed in ITable lOl One can notice that 
the stabilizing algebra is in both cases sl(2,R) x R 5 , where sl(2,R) is generated by H a2 , 

± E ai+a2+a3 . By looking at |eq. (2.2) 


E, 


'ai+2a2+c«3 


+ K 

-L J ^ — ai — a2 — 0,3 


and E^fy , — 2 c*o—c 


one 


notices that the first generator is mapped into minus itself under the Cartan involution, 
while the latter two go each to minus the other, and hence there are one compact and 
two non-compact generators in total, leading to the real form sl(2,R). The remaining 
generators in ITable 101 transform in the 5 of sl(2,R). 


3.2.4 4-charge orbits 

Finally, we consider 4-charge (he. rank-4 p21 HE]) “large” orbits. Following our 
method, we want to obtain these orbits as bound states of the long-weight vectors | Ai), 
+ 4)1 |Ag) and + 7 ). Up to an (irrelevant) overall sign, there are three possibilities, 
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2 -conj. 

Ai ) + A 4 } + Ag) + A 7 ) 

| Ai)+1 A 4 ) + Ag ) — A 7 ) 

| Ai) +1 A 4 ) — Ag ) — A 7 ) 

Ai, A 4 

F~ 

x 0 ! 2 +a !3 

jE 1 je~ 

- r 2 a 2 +a 3 ' r CX3 

F~ 

^ 02+03 

F+ — f+ 

2ct 2 +ct3 <23 

F 

a2+CX3 

F 1 z?— 

r 2a2+Oi3 ' r OL3 

Ai, Ag 

F~ 

x Q!i+a2+0'3 

JE~ _ T?— 

r 2 ai+ 2 a 2 +Oi 3 r &3 

F~ 

x Qfi+Q'2+^3 

F^~ 4- F~^~ 

r 2 a.\+ 2 a. 2 +ot .3 ' r &3 

F + 

ai+a2+at3 

F~ 4- F~ 

■ r 2o'i+2Q'2+a3 ' r &3 

Ai, A 7 

F 

r cx 1 -\- 2 oi 2 J rOL 3 

F~ _i_ F 

- r 2o'i+2a2+a3 ' r 2ot2+ot3 

F + 

^ 0 , 1 + 20 , 2+03 

/?+ 77 + 

^ 201 + 202+03 ' ^ 202+03 

F+ 

- r Ql+ 2 o 2 +03 

17 — _ 77— 

^ 201 + 202+03 ^202+03 

A 4 , Ag 

F~ 

x Qfl 

F~ _i_ F 

- r 2o;i+2a2+a3 ■ r 2a2+at3 

F~ 

x Oi\ 

je~\~ 4- 

^2(y.\-j-2o'2~\~0'3 ' r 2a.2+<*3 

F + 

x Oi\ 

JE~ _ IF 

r 2 oli+2oL2+&3 ■ r 2o!2+Q'3 

a 4 , a 7 

F~ 

x ai+a 2 

JE~ _ JE~ 

■ r 2o'i+2a2+Q!3 r 0.3 

F + 

x 01+02 

F + 4- F + 

2 oi+202+0,3 03 

F+ 

01+02 

77— 1 77 — 

^ 2 qi+ 2 o 2 +Q ,3 ' ^03 

Ag, A 7 

F~ 

OL2 

F~ 4- F~~ 

r 2(X2+Oi3 ' r CX.3 

F + 

02 

F + — F + 

202+03 03 

F~ 

OL2 

F 1 

r 2oi2+Ot3 ' r OL3 


Table 11: The stabilizers of the 4-charge orbits in the 14' of sp( 6 ,R). In the first column we list the pair 
of states for which the operator in the first line of each row is a 2-conjunction stabilizer. In any column, 
there are only two independent generators among those in the second line of each row; in total, the number 
of independent generators for each 4-charge orbit is 8 . 


namely 

| Ai ) + | A4 } + | Ag ) + | A7) | Ai) +1 A4) H -1 A6 ) — | A7) | Ai ) + | A4) — | Ag ) — | A7) . ( 3 . 9 ) 

From ITable 71 it can be noticed that there are no common stabilizers. We consider the 
2-conjunction stabilizers for each pair of weight vectors. If one considers for example 
the pair | Ap) + | A 4 ), one can notice that among the 2 -conjunction stabilizers listed in 
ITable 81 only F~ 0+Ce3 vanishes on each of the other two weight vectors. Moreover, the 
operator E 2 afL + a3 — E _ a3 only vanishes on | Ag), while it maps | A 7 ) to the bound state 
| A 5 ) + | Ag )c] Similarly, the operator E a3 — E- 2 a 2 -a 3 vanishes on | A 7 ) and maps | Ag ) 
to — | A 5 ) — | Ag ). In the | Ai) + | A 4 ) + | Ag ) + | A 7 ) orbit, one then obtains a stabilizer 
by summing the two operators above, yielding 

F 2a 2 +a 3 +F a 3 ■ ( 3 - 10 ) 

Analogously, in the | Ai) +1 A 4 ) +1 Ag ) — | A 7 ) orbit it is the difference of the two operators 
that gives a stabilizer, which is 


/?+ _ /?+ 

^ 202+03 *“3 

Finally, in the | Ai) + | A 4 ) — | Ag) — | A 7 ) it is again the sum that gives a stabilizer. 
This analysis can be applied to any pair of weight vectors, obtaining for each pair a 2- 
conjunction stabilizer that is also a stabilizer for each of the other two weight vectors, and 
a 2 -conjunction stabilizer that is also a 2 -conjunction stabilizer for the other two weight 
vectors. The complete outcome of this analysis is summarized in ITable 111 

By looking at the table, one notices that the number of independent generators for 
each orbit is 8. In the | Ai) + | A 4 ) + | Ag) + | A 7 ) orbit, all the generators are compact, 

13 As for the 3-charge bound states, the conventions for the signs are all consistent with the structure 
constants defined in | Appendix B| 
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Ai) + | A 4 ) + | ) Stabilizers 

Common 

2-Conjunction 

3-Conjunction 

-^02 

E 013 -^—2cX2~° i 3 

^0(.\-\-2oL2-\-OL3 E— _ OL2~Cx.3 

Eol^-\-OL 2~\-OL3 E — ( x 1 — 2 ct 2 — Oi 3 

Eot \-\-OL2 E—Qi^ 

Eql 1 E— a i — Oi 2 

F + — 9 F + 

02+03 201+202+03 


Table 12: Stabilizers of | Ai) + | A 4 ) + | Eg ) that generate the algebra sI(3,R), matching the stabilizer of 
the non-BPS space-like 4-charge orbit whose representative is related to the bound state | Ai) + | A 4 ) + 

I A 6 ) - | A 7 ). 


while the | Ai) + | A 4 ) + | Ag) — | A 7 ) orbit has three compact and five non-compact 
generators and the | Ai) + | A 4 ) — | Ag) — | A 7 ) orbit has four compact and four non¬ 
compact generators. We recognize these as the three different real forms su(3), sl(3, M) 
and su( 2 , 1 ) of the complex algebra 51(3, C), and it can be explicitly checked that these 
are indeed the algebras generated by the operators in ITablc 111 By comparing with the 
literature [29], one recognizes | Ai) + | A 4 ) + | Aq } + | A 7 ) to be related to the “large” time¬ 
like 1/2-BPS orbit, | Ai) + | A 4 } + | Ag} — | A 7 ) to be related to the “large” dyonic non- 
supersymmetric (non-BPS) space-like orbit, and | Ai) + | A 4 ) — | Ag ) — | A 7 ) to be related 
to the “large” non-supersymmetric (non-BPS) time-like orbit. Note that the stabilizer of 
the non-BPS space-like 4-charge orbit generally coincides with the U-duality Lie algebra 
of the corresponding theory in D = 5. 

We recall that the generators in the top line of each row in ITable lll are those connecting 
the long-weight vectors to a short-weight vector, while the generators in the bottom line 
of the row connect long-weight vectors with long-weight vectors. The | Ai) + | A 4 ) + 

| Ag) — | A 7 ) orbit differs from the 1/2-BPS orbit because generators of both types swap 
compactness. On the other hand, in the | Ai) -(-1 A 4 ) — | Ag ) — | A 7 ) orbit only (four of) the 
generators on the top line of each row become non-compact, while the generators in the 
bottom line remain compact, and hence in this case the generators that swap compactness 


Ai ) — | A 4 ) + Eg) Stabilizers 

Common 

2-Conjunction 

3-Conjunction 

E-CH2 

E2ol2-\-ol3 “t - E—ql 3 

Eql 3 + E — 2a 2 — Oi 3 

Eql^ -\-2ol2-\-Cx-3 ^ — Ol\ — Cx.2 —<^3 

Eol\-\-Cx.2-\-OL3 E — 0l -^—2ol2—OL3 

Eol 1+Q2 -E' — Otl 

Eql\ E— a 1—QL2 

^02+03 T 2-^201 +2o 2 +03 


Table 13: The su(l, 2) generators of the stabilizing algebra of | Ai) — | A 4 ) + | Eg ), matching the stabilizer 
of the non-BPS time-like 4-charge orbit whose representative is related to the bound state | Ai) + | A 4 ) — 
| Ag) - | A 7 ). 
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Ai) + | As ) Stabilizers (Common) 

Ecti+Ct2 


E ai 

E<y: 2 

H ai 

E 02 

E—0.1 

E 

^—(*2 

E- ai 

— Ot -2 


Table 14: Stabilizers of | Ai) + | Ag ), generating the algebra s 1(3, R). 


compared to the supersymmetric case are only conjunction stabilizers to short-weight 
vectors. This explains why this splitting of the 4-charge configuration in three orbits does 
not occur in maximal D = 4 supergravity, in which only the 1/8-BPS and the dyonic 
orbits are present. Indeed, in the maximally supersymmetric case the representation 56 
of the U-duality symmetry has only long weights. 

Precisely as in the 2-charge and 3-charge cases, one can show that the non-BPS orbits 
can be obtained as bound states involving short-weight vectors. Without dealing with 
the details, we list the stabilizers of the | A 4 ) + | A 4 ) + | Xlg ) and | A 4 ) — | A 4 ) + | X^) 
bound states in ITable 12~1 and ITable 131 from which it can be deduced that the stabilizing 
algebras are sl(3,R) and su(l,2) respectively, in agreement with the general rule that 
a short-weight vector corresponds to the difference of two long-weight vectors. Finally, 


State 

Stabilizer 

<D 

w 

|Ai> 

s((3,M) x M 6 

a> 

1 Ai) + | A 4 ) 

so(l, 3) x (R x R 4 ) 

ra 

(N 

Ai) — | A 4 ) 

so(2,2) x (R x R 4 ) 


|S 6 ) 

so(2, 2) x (R x R 4 ) 


I Ai) + | A 4 ) + | A 6 ) 

su(2) x R 5 

a> 

1 Ai) + | A 4 ) — | Ag) 

sl(2, R) x R 5 

CO 

|Ai) + |E 6 ) 

s[(2,R) x R 5 


Ai — Xlg 

sl(2, R) x R 5 


Ai ) + | A 4 ) + Ag) + A 7 ) 

su(3) 


Ai) + | A 4 ) + Ag) — A 7 ) 

sl(3,R) 

0) 

% 

1 Ai) + | A 4 ) — | Ag) — | A 7 ) 

su(l, 2 ) 

4 

Ai) + A 4 ) + | S 6 ) 

51(3, R) 


I Ai) — | A 4 ) + | Eg) 

5u(1,2) 


1 Ai) + | Ag) 

51(3, R) 


Table 15: The stabilizing algebras of the various orbits of the 14' of Sp(6, R). 
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as a peculiar property of the D = 4 case, the dyonic orbit can also be obtained as the 
bound state | Ai) + | Ag), namely of the highest and lowest-weight vectors of the 14' of 
the U-duality symmetry sp(6,M). In this case there are no conjunction stabilizers, and the 
common stabilizers, that generate sl(3,R), are listed in lTablc 141 

To conclude, we summarize in lTablc 151 the stabilizing algebras for the various bound 
states of the 14', as they have been realized and derived above. The results match the 
ones reported in Table of VI of |45] (c/r. also Refs, therein). 

In the next section we will repeat the same analysis for the J\f = 2 magic supergravity 
theories in five and four dimensions that are based on the division algebra C (the same 
analysis can easily be applied to the theories based on H and O; all these theories share 
the property that the real form of their U-duality symmetry algebra is non-maximally 
non-compact, i.e. non-split). 


4 Magic J\f = 2 supergravities based on J 3 C , jf and J 3 ° 

In this section we consider the orbits of the magic Maxwell-Einstein supergravity the¬ 
ories based on rank-3 simple Jordan algebras constructed over the division algebras C, H 
and O [251 27], that were originally derived in mmmm- In the case of 1-charge 
BHs, the orbits are those of the highest-weight vector of the representation, and in [ZB it 
was shown that the BH charges correspond to the real-weight vectors, where the reality 
properties of roots and weights are deduced from the Tits-Satake diagram associated to 
the global U-duality symmetry of the theory itself. Here, we will show that all extremal 
BH orbits of these theories are those of bound states of such real-weight vectors. We 
will consider in detail explicitly only the theory based on Jg , corresponding to global 
symmetries 577(3,3) and SL( 3, C) in four and five dimensions respectively, but the result 
naturally applies also to the cases based on and (whose global symmetries in four 
and five dimensions are SO* (12) and SU*(6 ), and E 7 r_ 25 ) and E^_ 2 6 ), respectively). 

In order to proceed, we first briefly review how the reality properties of the weights of 
a representation result from the Tits-Satake diagram that characterizes a given real form 
of a complex Lie algebra 0c (for a detailed analysis, see e.g. [79, 80) El])- As already 
mentioned in ISection ~2l the Cartan involution 0 characterizes the real form g in such a 
way that the compact generators have eigenvalue +1 and the non-compact generators have 
eigenvalue —1 under 6 . In the case of the maximally non-compact (i.e. split) real form, 
one can define the generators E a — E_ a to be compact and the Cartan generators Et a 
and the generators E a + U_ a to be non-compact, so that the Cartan involution acts as in 


eq. (2.2), which was used in the previous two sections. In general, classifying the real forms 


of a given complex Lie algebra corresponds to classifying all possible Cartan involutions. 
The action of 6 on the Cartan generators induces a dual action on the roots as 


9{a(H)) = a{ 6 {H)) , 


(4.1) 


and the basic idea that underlies the Tits-Satake diagrams is the fact that one can insert 
in the Dynkin diagram the information of how the Cartan involution acts on the roots 
themselves. 

One can always define a basis of generators of g that are eigenvectors of the Cartan 
involution 6 . We call £ the set of compact generators, that are those with eigenvalue +1, 
and p the set of non-compact generators, which are those with eigenvalue —1. In the 
adjoint representation one has 

ad(9X) = -(acLX'jt , (4.2) 
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so that for a compact generator, that is X E t, adX is anti-Hermitian and thus has imagi¬ 
nary eigenvalues, while for a non-compact generator, that is X E p, adX is Hermitian and 
thus has real eigenvalues. In particular, the non-zero eigenvalues of the Cartan matrices 
in the adjoint ad H are the roots a{H ), implying that one can classify the roots in the 
following way: 


• a root is a real root if it takes real values, that is if it vanishes for H E t; 

• a root is an imaginary root if it takes imaginary values, that is if it vanishes for 
H E p; 

• a root is a complex root if it takes complex values and hence if it does not vanish 
for H E t or H E p. 


From eq. (4.1) it then follows that for a real root one has da = — a and for an imaginary 
root one has 9a = a. From the relation 9H a = Hg a it also follows that 


( 9 a k ,ati) = (a k , 0 ai) (4.3) 

for any pair of roots, where in general we denote with (a k ,ai) the scalar product between 
the roots that is induced by the Killing metric. 

It is known that choosing a Cartan subalgebra that is maximally non-compact (i.e. 
choosing a basis such that the largest possible number of Cartan generators are non¬ 
compact), there are no non-compact generators associated to the imaginary roots. This 
means that if 9a = a, then this implies that 9E a = E a . Assuming that we have made this 
choice, we define the Tits-Satake diagram of g using the following procedure. We split the 
simple roots in those that are fixed under 9 , that we denote with a 4 " 1 (where the suffix 
Im denotes the fact that such roots are imaginary), and the rest, that we denote with a*. 
The action of 9 on the simple roots a* is then: 

9 ai = -a n(i) + amajT , (4.4) 

n 

where n is an involutive (n 2 = 1) permutation of the indices. The coefficients a{ n are 
determined by imposing 


(a.i T a n (i), ®"m ) 


£■ 


i (a; 


Im 
n i 


a 


Im\ 


( 4 -5) 


which follows from eq. (4.3) and the fact that the simple roots ajf 1 are invariant under 9. 


The Tits-Satake diagram is then drawn from the corresponding Dynkin diagram with the 
following additional rules: 


1 . to each simple root a Im (imaginary simple 
root) one associates a black painted node; 

2. to each simple root a* such that 7r(i) = i one 
associates an unpainted node; 

3. for each two complex simple roots a, and aj 
such that 7 r(z) = j one draws an arrow joining 
the corresponding unpainted nodes. 



imaginary (compact generator) 



complex 1-cycle (mod a Im roots) 



complex 2-cycle (mod a Im roots) 
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The behavior of all other roots under 9 clearly follows from the behavior of the simple 
roots. This means that from the Tits-Satake diagram one knows how the Cartan involution 
acts on all roots, and consequently how it acts on all the weights of any representation. In 
the case in which ir (i) = i and the node associated to the simple root a* is not connected 
to any painted node in the Tits-Satake diagram, then clearly from eq. (4.5) it follows that 
CLi n = 0 and thus 9on = —a*, which means that the root is real. In particular, in the case 
of the split real form one has 9a = —a on all roots, which implies that they are all real. 

One can apply this construction to the U-duality symmetry Lie algebras of the J\f = 2 
theories based on J%, and J®. In particular, the U-duality algebra for the AT = 2 
theory based on J (p in five dimensions is s((3, C), whose Tits-Satake diagram is drawn in 
Figure 7 From the diagram, one reads that the action of the Cartan involution on the 


Oi\ Oi 2 Ot 3 Q!4 

G-O G-O 



Figure 7: The Tits-Satake diagram of the algebra s[(3,C). 


simple roots is 

9a i = —a 4 

from which one derives the action 


9a2 = —as 


(4.6) 


~ —E- aA 


-FTq. 3 


9H ai = -H ai 


9H&2 -^c*3 


(4.7) 


on the corresponding simple-root generators. The BH (electric) charges of the D = 5 
supergravity theory transform in the (3,3) representation, whose highest weight is 


Ai — iaq + i 


a2 + lct3 T \a^ 


(4.8) 


which is real because 9K\ = —Ai as it can be easily seen using eq. (4.6) The representation 


contains in total three real and six complex weights, and we will show that the BH U- 
duality orbits can be derived as the orbits of bound states of the real weights. As we 
will see, the conjunction stabilizers take two real weights to one pair of complex weights 
connected by 9. If one relates real weights to long weights and pairs of complex weights 
to short weights, this mimics precisely what happens to the bound states of long weights 
in the 6 of sl(3,M), as we discussed in lSection 31 

The analogy between the real and complex weights of the (3, 3) of sl(3, C) and the long 
and short weights of the 6 of s[(3,M) is actually not surprising. Indeed, given a real form 
0 , one can in general define the restricted-root subalgebra as the maximally non-compact 
subalgebra that has as simple roots the restricted roots 


an = 7 }(a — 9a) 


(4.9) 


where the a’s are simple roots of g. From eq. (4.6), it can be easily deduced that the 
restricted-root subalgebra of sl(3, C) is sl(3,M), with simple roots 


( oir ) i = ^(«2 + «3) ( o - r ) 2 = |(« 1 + or) 


(4.10) 


Moreover, Ai in eq. (4.8) can be recast as the wei ght |(afi )i + |(a^) 2 ; which is the highest 
weight of the 6 of sl(3,M) as can be seen from eq. (3.1) More generally, the three real 
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weights can be recast as the three long weights, while the complex weights are projected 
onto the short weights of the 6. 

As observed in cn, this result is completely general. In each space-time dimension, the 
restricted-root subalgebra0 of all the non-compact real forms of the U-duality Lie algebras 
of the J\T = 2 Maxwell-Einstein theories based on J 3 S J? and J 3 ° is the same, and it is the 
algebra of the theory based on J® in the same dimension. Moreover, the highest weight 
of the representation of any p-brane charge of any theory becomes the highest weight of 
the representation of the p-brane charge of the theory based on J®, written in terms of 
the restricted roots. In each representation, the real long weights become the long weights 
of the representation of the theory on ,7.®, while all other weights are mapped onto short 
weights. As we will see in detail in the rest of this section, this naturally implies that the 
stratification of the orbits of the theories based on J^, and is the same as that of 
the theory based on J®. 

In the rest of this section we will show how all the orbits of the M = 2 Maxwell- 
Einstein supergravity based on in D = 5 and 4 can be computed as orbits of bound 
states of real-weight vectors. In Isubsection 4.11 we consider the electric BH orbits of the 
D = 5 theory with symmetry SL( 3, C) as orbits of bound states of real-weight vectors of 
the irrep. (3,3). Then, in Isubsection 4.2l we perform the same detailed analysis for the 
theory in D = 4, and compute the BH orbits as bound states of real-weight vectors of the 
irrep. 20 of the U-duality group SU( 3,3). The same approach can be exploited in order 
to analyze the D = 4 and D = 5 Maxwell-Einstein supergravities based on and ./?. 



Figure 8: The weights of the (3,3) of s 1(3, C). 


14 The projection on the restricted-root subalgebra is also named Tits-Satake projection ( cfr. e.g. [5? ;, 
and Refs, therein). 
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H-OL2 

H a r 
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Ea 3 

U-CX.2 -H -&3 



H(Di2 ^OL 3 

H(y.\ 

Hol\ Eq,^ 

Ea% + 

H-ol2 




E- ai 



-1 

E- a 1 

E—a2 

E—a2 

E- ai 

E—a 2 


E-a 4 

E—a 3 

E—a 3 

E—a 3 

E-a 4 




E-0.4 



-2 


rp 

-Ej — CXl — OL2 

rp 

771 

EH —ct 1 —ql 2 

771 

E—a^—a^ 

E 

1 J — Ctl —OL2 



1J —0:3 — 0.4 

• J —0:3 —(T4 




Table 16: Stabilizers for the weight vectors of the (3, 3) of sl(3, C) that are used in the paper. 


4.1 D = 5 


The (electric) BH charges of the JV = 2, D = 5 Maxwell-Einstein supergravity based 
on (coupled to 8 vector multiplets) transform in the ( 3 , 3 ) of the U-duality group 
SL{ 3,C). We draw in Figure 8 ] the Dynkin labels of the weights of such representation, 
where the order of the simple roots is as in |Figure~7 All the weights have the same length. 
One can see by acting with the Cartan involution as in eq. (4.6) that there are three real 
weights, that are called Ai, A 2 and A 3 in the figure, while the other six weights, that we 
call S’s, are complex. 


Common 

Ai) + | A 2 ) Conjunction 

Ai) — | A 2 ) Conjunction 

Ea\+a 2 

Ea 3 +a A 

Eai 

E ai 

Hai H a 4 

H a2 H a 3 

Ec%2 E Q/g 

Eq,£ E Q-2 

Ea 2 E—ql^ 

Ea 3 E— a 2 


Table 17: The generators of the stabilizing algebras (su(2) © so(2)) k R^ 2 ’ 2 ^ and (s!(2,R) ©so(2)) k R^ 2 ’ 2 ^ 
of the bound states | Ai) + | A 2 ) and | Ai) — | A 2 ). 
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| £1) + | £2 ) Stabilizers 

Common 

Conjunction 

Eai+a 2 

Ea^+a 4 

E ai 

Ea 4 

Hol 2 A E.Qi 3 

H a 1 E a3 H a ^ 

EOi 2 -^Oi 3 

^—OL 2 ^—Ct 3 


Table 18: The generators of the (sl(2, R) ©so(2)) k R^ 2,2 ^ stabilizing algebra of the bound state | Ei) +1 S 2 }, 
real combination of two short weights of the (3, 3) of sl(3,C). 


4.1.1 1-charge orbit 

We want to show that the BH orbits correspond to orbits of bound states involving 
only real-weight vectors. In ITable 161 we list the stabilizing generators for the three real- 
weight vectors | Ai), | A 2 ), | A 3 ) and two of the complex-weight vectors, say | Si) and | S 2 } 
(without any loss of generality, we only consider these two complex weights because all 
others are connected to these two by transformations in the algebra). From the table one 
deduces that the stabilizing algebra of each real-weight vector is [s!(2,C) ©so(2)] x R^ 2,2 ), 
yielding the highest-weight orbit corresponding to a 1-charge [i.e. rank-1 [[751 35]) BH 
duality orbit, as expected. 

4.1.2 2-charge orbits 

Following our prescription, we now consider the 2-charge (i.e. rank-2 [751 M) orbits 
as bound states of two real-weight vectors. We consider in particular the bound states 
| Ai) + | A 2 ) and | Ai) — | A 2 ), and we list in ITable 17l their stabilizers. From the table, 
one deduces that the semisimple part of the stabilizing algebra is generated by H ai — H a4 , 
H a2 — H a 3 , E a2 — E_ a3 and E Q3 — E_ a2 in the | Ai) + | A 2 ) case, and by H ai — H a/L , 


Common 

2 -conj. 

I Ai 

) + l 

a 2 ) 

+ | 

A3) 

I Ai 

) + l 

A 

2) 

-1 

A3) 


-H a 4 

< 


E 

j - j ol 2 

- E 

-OL 3 



^OL 2 

- 

E 

-0:3 


to 

1 

£ 

CO 

< 


E 

rj OL 3 

- E 

-CSL 2 



CO 

- 

E 

-OL 2 




CO 

<1 


E Q1 

- E 

—Ola 



Eai 

+ 

E _ 

-OLA 




<1 


E a4 

- E 

-OLl 



E a 4 

+ 

E 

-OLl 




CO 

<1 

^01+02 

- E 

-OL3 

-OLA 

Ea 4 +a 2 

+ 

E 

-OL 3 

— OLA 



< 

Ea 3 +a 4 

- E 

-OLl 

— OL2 

^03+04 

+ 

E. 

-Ql 

— OL2 


Table 19: The stabilizers of the | Ai} +1 A 2 } +1 A 3 } and | Ai) +1 A 2 ) — | A 3 ) bound states. The 2-conjunction 
stabilizers connect the two weight vectors whose weight is listed in the second column, and annihilate the 
third weight vector. The stabilizing algebra is su(3) for the | Ai) + | A 2 ) + | A 3 ) bound state, and su(l, 2) 
for the | Ai) + | A 2 ) — | A 3 ) bound state. 
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Common 

2-conj . 

I A-3 ) + | Si ) + S 2 ) 

1 Ai) — (| ) + | S 2 )) 

Ct 2 Eql 3 

W 

E — E 

J - J —a2 

E — E 

g* 

1 

£ 

CO 

1 

£*■ 

W 

E — E 

E — E 


CO 

c 

-E'ai+Q2 E— a 4 

Eol\-\-ol 2 E-a 4 


w 

■^ol 4 -^—a.i—a .2 

Eql^ + 2 



^OL\ E— Q-3— Q/4 

E ai H - E—fx^—Q,^ 


w 

Eql 3+Q4 E—q, 1 

+ E— ai 


Table 20: The generators of the su(l, 2) stabilizing algebra of the bound states | A 3 } + | Si} + | S 2 } and 
| A 3 } — (| Si) + | S 2 )). The 2-conjunction stabilizers connect the two weights in the second column and 
annihilate the third weight. 


Hq^2 Eq L3 , 


E, 


02 


+ E- a3 and E a3 + E_ a2 in the | Ai) — | A2 ) case. From eq. (4.7) 


one 


then obtains that in the first case all generators are compact, while in the second case 
the generators E a2 + E_ a3 and E a3 + E_ Q2 are non-compact. Taking into account also 
the additional generators in ITablc 17l the resulting stabilizing algebras are respectively 
[su(2) ©50(2)] x R( 2 ’ 2 ) and [s!(2,R) ©so(2)] x which correspond to the two rank-2 

orbits of the theory. From comparison with the literature [06], the former orbit is 1/2-BPS, 
and the latter one is non-supersymmetric (non-BPS). 

In the previous section, we have shown that in the JV = 2, D = 5 Maxwell-Einstein 
supergravity based on the splitting of the 2-charge configuration into two different rank- 
2 orbits is due to the fact that the conjunction stabilizers connect two long-weight vectors 
to the same short-weight vector. By looking at ITable 17l and |Figurc 8} we notice that in 
Af = 2, D = 5 Maxwell-Einstein supergravity based on J 3 (and analogously for theories 
based on J® and J®) something very similar happens, namely the conjunction stabilizers 
connect two real-weight vectors, say | Ai) and | A2) to the complex-weight vectors | Si ) 
and IS2). By projecting on the restricted-root algebra, both the complex weights Si 
and S2 are projected on the same short weight of the 6 of sl(3,R). More generally, by 
considering the action of the Cartan involution on the complex weights, 


0Si = -S 2 e S 3 = -S 4 6>s 5 = -s 6 , (4.11) 

one can see that each of the three pairs of complex weights of the (3, 3) of sl(3, C) connected 
by 6 is projected onto each of the three short weights of the 6 of sl(3,R). 

In the previous section we have also shown that the rank-2 non-supersymmetric | Ai) — 

| A 2 ) orbit of AT = 2, D = 5 Maxwell-Einstein supergravity based on J® can be obtained 
as the orbit of a single short-weight vector. We now show that this naturally generalizes 
to the magic theory based on J3 (and analogously to the super gravities based on J® 
and J®) as follows. The reality properties of the algebra imply that we must consider 
real combinations of weights, because this corresponds to the physically meaningful real 
electric charges of the extremal BH. We thus define the real state | £1) + | £ 2 ), and we 
list in ITable 18l the corresponding stabilizers. One finds that the stabilizing algebra is 
(s((2,R) ©so(2)) x R^ 2 ’ 2 ), which is the same as that of | Ai) — | A 2 ), as expected. 
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State 

Stabilizer 

C/2 

t-H 

|Ai> 

(sl(2,<C)ffiso(2)) k# 2 ) 


1 Ai) + | A 2 ) 

(su(2) ©50(2)) xlM 

C/2 

C4 

1 Ai) — | A 2 ) 

(sl(2,R) ©so(2)) x R( 2 ’ 2 ) 


|£i) + |£ 2 ) 

(sl(2,R) ©50(2)) x R( 2 ’ 2 ) 


1 Ai) + A 2 ) + A 3 ) 

su(3) 

C/2 

1 Ai) + | A 2 ) — | A 3 ) 

sl(l,2) 

CO 




1A 3 ) + | £1) + | £2) 

sl(l,2) 


|A 1 )-(|£ 1 ) + |£ 2 )) 

sl( 1 , 2 ) 


Table 21: Stabilizers in the (3, 3) of si(3, C). 


4.1.3 3-charge orbits 

We can now proceed to show that our prescription works for the case of the 3-charge 
( i.e . rank-3 PME]) “large” U-duality orbits. In ITable 19l we list the stabilizers on the 
I Ai) + | A 2 } + | A 3 } and | Ai) + | A 2 ) — | A 3 ) bound states. The reader can check that in 
the first case all generators are compact, while in the second case there are four compact 
and four non-compact generators, resulting in the algebras su(3) and su(l, 2), respectively. 
From comparison with literature [431 [46]. we recognize the first as the 1/2-BPS “large” 
orbit and the second as the non-supersymmetric (non-BPS) “large” one. By trading a real 
combination of two comp lex-weight vectors for the difference of two real-weight vectors, in 
ITable 20l we list the stabilizers of considered bound states | A 3 ) ± (| £ 1 ) + | £2 )), yielding 
the algebra su(l,2) which as expected corresponds to the non-supersymmetric 3-charge 
“large” orbit. 

We summarize the stabilizers of all the bound states in the (3, 3) of sl(3, C) in ITable 211 
matching the results reported in Table II of [46] (cfr. also Refs, therein). 

In the next subsection we will perform the same analysis for the four-dimensional 
theory, showing that again all extremal BH orbits are obtained as bound states of real 
weights, thus providing a natural explanation for the splitting of the charge configurations 
exactly as in all other cases analyzed above. 

4.2 D = 4 

The AT = 2, D = 4 Maxwell-Einstein supergravity theory based on J[ p (coupled to 9 
vector multiplets) has U-duality symmetry group SU( 3,3), and we draw in |Figurc~9l the 

O' 1 ot-2 013 0:4 a 5 


o-o-o-o-o 
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Tits-Satake diagram of the corresponding Lie algebra su(3,3). From the diagram, one 
deduces that the Cartan involution acts on the simple roots as 


6ot\ — —CK 5 

which leads to the action 


6ql2 — —Qq @ 0:3 — —CK 3 


(4.12) 


0E a 1 = —E- a 5 
8H ai = -H as 


OK — — E 

UJ - / OL2 — ^ — (^4 

0H a2 


OK — —K 
0H a 3 — H a3 


(4.13) 


on the corresponding simple-root generators. From eq. (4.12) one obtains the restricted 
roots 

(ai)il = |(ai + < 25 ) (CX 2 ) R = + «4) («3)i? = «3 , (4.14) 

which are nothing but the simple roots of the restricted-root algebra sp(6,R), namely the 
U-duality Lie algebra of the JV = 2, D = 4 Maxwell-Einstein supergravity theory based 
on jf. 
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Figure 10: The weights of the 20 of su(3, 3). 

The BH charges of the theory belong to the (rank-3 antisymmetric, self-dual) irrep. 20 
of su(3, 3). We draw in Figure lOlthe Dynkin labels of the weights of such representation, 
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height 

|Ai> 

|a 4 > 

|a 6 ) 

|Ar) 

5 

£01 +02+03+04+05 

Eol\ +02 +<23 +04 +O5 



4 

£01 +02 +C *3 + 0:4 
Eq >2 +O3+0:4+0:5 

£01 +0 2 +0:3 +<^4 
£<22 +&3 +0:4 +0:5 

Eai +02+03+04 
-^02+03+04+05 


3 

£01+02+03 
£02+03+04 
£<23+014+0:5 

£01+02+03 

£03+04+05 

£02+03+04 

-^01+02+03 

£03+04+05 

2 

£oi+02 

^ 02+03 

£03+04 

£04+05 

-^01+02 

£04+05 

£01+02 

£02+03 

£03+04 

£04+05 

Eol2 +03 

-£'03+04 

1 

E a 1 
-Fa 2 

Fa 3 

F Q4 

Fa 5 

F ai 

Fa 2 

E ai 

Ea 5 

E<y.2 

£04 

F ai 

F Q3 

Fa 5 

0 

H ai 

Fq2 

H ai 

h« 5 

Ha2 

E a , 

£01 “1“ £*03 
£03 “I - -“05 

Eqi^ + Hq,2 

E- cz<2 Eq ,3 

£03 H - £04 
£04 H - £05 

H ai 

Ha, 

Ecx 2 + £03 

EOL2, E(y 4 

-1 

E- ai 

F—q 2 

f_ Q4 

F-a 5 

E-OL2 

E—Ots 

E-a A 

E- ai 

E—CX3 

F-a 5 

E- ai 

F, 

J - J —a 2 

F_„ 4 

F-a5 

-2 

£—01 —a 2 
£—04—05 

£—02—03 
£—o 3—0:4 

E —01 —02 

E —02 —03 

E —03—04 

£—04—05 

E —01—02 

-£—02—03 
-£—03—04 
-£—04—05 

-3 


£—01—02—03 
£—o 2—03—04 
£—03—04—05 

E-ai —02—03 
£—03—04—05 

£—01—02—03 
£—02—03—04 
£—03—04—05 

-4 


£—Ol —02—03—04 
£—02—03—04—05 

E ——02 —03 —04 

E —Qj 2 —03—04—05 

E 

J - / — Ol —02 — 03 —04 

£—02—03 — 04—05 

-5 



E —01—02—03—04—05 

£—01—02—03—04—05 


Table 22 : Stabilizers of the real-weight vectors | Ai}, | A 4 ), A 6 ) and | A 7 ) in the 20 of su(3, 3). 


and as usual we label with A’s the real weights and with X’s the complex ones. From the 
figure one sees that there are eight real weights that, written in terms of the restricted 
roots, become the long weights of the 14/ of sp(6, K). In particular, the highest weight is 


Ai = 


icri + 0.2 + § Ct 3 + 04 + ^Q !5 


(4.15) 


which can be recast in terms of the restricted roots as Ai = (or)i + 2 ( 0+2 + §( 0 + 3 , 
yielding the highest weight of the 14' of sp(6,M), as it can be seen from eq. (3.2) There 
are twelve complex roots, which form six pairs £ 22-1 i = 1 ,..., 6 , where in each pair 
the Cartan involution acts according to 


0^2i-l — “^2 i 


(4.16) 
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Common 

Ai) + | A4 ) Conjunction 

Ai) — A4 ) Conjunction 

£(*1+(*2+(*3+04+05 

^OL2-\-OL^-\-(y-A E—& 3 

Eol 2 +<23+0:4 “1“ E— a 3 

£01+02+03+04 £(*2+(*3+04+(*5 

E(y.3 E— OL2~ OL2>— &4 

Eol% + E— OL2~ 013— OL4 

£(*l+(*2+(*3 £(*3+(*4+Q!5 

Eoi2~\-OL3 E— Q/3— a.4 

Ecy2-\-Oi3 “1“ E— (*3— OL4 

Ea\+OL 2 -^0:4+Q5 

Eqlq -\-0t4 E— (%2— &3 

-^Q 3 +Q ;4 E—QL2—OL3 

E E E E 

^OL 1 J - / OL2 - L/ Q '4 



H a2 Hcx .4 H(Xl -^Q!5 



E—ql 2 E—(% 4 




Table 23: The stabilizers of the | Ai) + 1 A4 ) and | Ai} — | A4 ) bound states, yielding the algebras [so(l, 4 ) © 
so(2)] x (R x R*' 4,2 ^) and [so(2,3) ©so(2)] k(Ix R*- 4,2 ^), respectively. 


The projected weights |(S 2 i-i + £ 2 *) become the six short weights of the 14' of sp(6,M), 
when written in terms of the restricted roots. 


4.2.1 1-charge orbit 


Following our prescription, we want to obtain the orbits of extremal BH solutions 
by considering bound states of only real-weight vectors of the 20. From Figure 10, one 
deduces that there are four real-weight vectors that are not connected by transformations 
of the algebra; in the chosen labelling, these are given by |Ai), | A4 }, | Aq } and | A 7 ). 
Their stabilizers are listed in lTablc 221 by looking at each of its columns, one obtains that 
the stabilizing algebra of each of the real-weight vectors is sl(3,C) k R 9 , as expected for 
the highest-weight, 1-charge (i.e. rank-1 [781 145] ) U-duality orbit [46]. Considering for 
example the | Ai) stabilizers, the semisimple part of the stabilizing algebra is generated 
by E ±( ai +<* 2 ), £±(o 4 +o 5 ), £± 01 , £±<* 2 , £±(* 4 , £±o 5 and the Cartan generators H ai , H a 
H ai and H as , and from the ac 
obtains the real form sl(3, C). 


bos 

H a4 and H as , and from the action of the Cartan involution given in 


eq. (4.13) one indeed 


Common 

2 -conj . 

I Ai) + | A4) + | A6) 

Ai} + | A 4 ) — | A 6 ) 

771 

^OL 1 -\-Ot-2 +CK3 +<24 

<< 

E E 

- C/ o; 2+Q;3 +q ;4 - C/ —<23 

E E 

J - J CX.2 +0:3 +04 a3 

rp 

- C/ Q!2 +<23 +<24 +<25 


E E 

- C/ q;2+Q!3 3—0:4 

E E 

J - J a. 2 J \-OL 3 J - J —Oi3—Ot4 

£01+02 


E a3 -\-QL4 E —Q-2— Oi 3 

-£03+04 E —q-2—03 

£(*4+05 

CO 

<< 

E E 

J - J OLl-\-OL2+OL3-\-CX.±-\-Ot5 

£01+02+0:3+04+05 £—0 3 

E 

^OL 2 

<| 

E E 

- c 'a 1+02+0:3 013—0:4—0:5 

Eql\ +012+0:3 E —03 — cn.4 —05 

E ai 


Eol 3+014+0:5 E— q;i— OL2— 0:3 

£03+04+05 H - £—Oi —02 —cx.3 

Hqci 

co 

<* 

-£02+0:3+04 E a 1+02+0:3 +0:4 +0:5 

Eol 2 +0:3 +0:4 H - £01+02+0:3+04+05 

Eql2 


Eqi 5 E— a 1 

E + E 

J - / Q '5 1 ^ — OL l 



Eql 1 E— a 5 

Eqc 1 ~\~ E— Q-g 


Table 24: The stabilizers of the | Ai} +1 A 4 } +1 A 6 } and | A*) +1 A 4 ) — | Ag ) bound states. The 2-conjunction 
stabilizers connect the two weight vectors whose weights are listed in the second column, and annihilate 
the third weight vector. The stabilizing algebra is su(3) x R 8 for the | Ai } + | A 4 ) + | A 6 } bound state, and 
su(l, 2) x R 8 for the | Ai ) + | A 2 ) — | A 3 ) bound state. 
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Common 

2-c. 

1 Ai) + | A4) + | Ag > + | A7) 

1 Ai) + | A4) + | Ag ) — | A7) 

| Ai) + | A 4 ) - | A 6 > - | A^ > 

-Ei q . 2 H a 4 

< 

P _ P 

-*-'02 +03 -*-'—03—04 

rp _ rp 

-*-'02+03 ■*-'—03—04 

JP _ p 

-*-'02+03 -*-' — 03—04 

Hai £05 

< 

£03+04 £— ol2 — 03 

-£03+04 £'—02—03 

£03+04 £—02—03 



rp— 1 rp— 

r a 3 ' ^ 02+03+04 

p+ — p+ 

03 02+03+04 

rp— 1 rp— 

r a3 r -*02+03+04 


< 

P _ p 

^-'01+02+03 -*-'—03—04— 05 

£01+02+03 £—03—04—05 

£01+02+03 £—03—04—05 


< 

P _ p 

-^03+04+05 -^-Ql —02 —O3 

£03+04+05 £—01—02—03 

£03+04+05 “I - £—01—02—03 



rp— 1 rp— 

r Q3 " 1 r 01 +02+03 +04 +05 

p+ — p+ 

03 01+02+03+04+05 

rp— _ rp— 

-*03 c 01 +02+03 +04+05 



rp _ rp 

- C/ 0l+02+03+04 -*-' — 02— 03— 04— 05 

£01+02+03+04 “I - £—02—03—04 — 05 

£01+02+03+04 “I” £—02—03—04—05 


< 

rp _ p 

- C/ 02+03+04+Q5 -*-' —Ol~ 02— 03— 04 

£02+03+04+05 ""I - £—01—02—O3—O4 

£02+03+04+05 “I” £—01—02—03—04 



P~ — P~ 

02+03+04 O1+O2+O3+O4+Q5 

p+ — p+ 

02+03+04 01+02+03+04+05 

rp — 1 rp — 

-*02+03+04 ' ^01+02+03+04+05 


< 

£ai £—05 

£01 £—05 

£oi “1“ £—05 


< 

Has £—01 

Has £—01 

Hots £—01 



F~ — F~ 

02+03+04 01+02+03+04+05 

p+ — p+ 

02+03+04 01+02+03+04+05 

rp — 1 rp — 

-*02+03+04 ' ^01+02+03+04+05 



£01+02 £—04—05 

£01+02 £—04—05 

£01+02 £—04—05 


< 

-^'04+05 £' — 01—02 

£04+05 £—01—02 

£04+05 “1“ £—01—02 



rp — 1 rp — 

r 03 ' C Ol +02 +03 +04 +05 

F+ - F + 

03 - 1 O1+O2+O3+O4+O5 

rp — _ ip — 

r a3 r 01 +02+03+04+05 



H012 £' — 04 

£q2 £—04 

£02 £—04 


< 

a 

1 

Kl 

1 

Hot 4 "t - £—02 

£04 £—02 



ip — 1 rp — 

r 03 "T" ^02+03+04 

p+ — p+ 

03 02+03+04 

rp — 1 rp — 

r Q3 -*02+03+04 


Table 25: The stabilizers of the 4-charge orbits of the 20 of su(3,3). In the second column we list the 
pair of states for which the operators in the first two lines of each row are 2-conjunction stabilizers. In 
any column, there are only two independent generators among those in the third line of each row. The 
stabilizing algebras are su(3) ©su(3), sl(3,C) and su(l,2) ©su(l, 2). 


4.2.2 2-charge orbits 


We now consider the “small” 2-charge (he. rank-2 (75, 35]) orbits as associated to the 
bound states | Ai ) + | A 4 ) and | Ai) — | A 4 ). We list in lTablc 23l the generators that stabilize 
the two bound states. The semisimple part of the stabilizing algebra is generated by the 
common stabilizers E± a2 , E± a4 , H a2 , H aA and H ai —H a5 , together with all the conjunction 
stabilizers. From eq. (4.13), one deduces the action of the Cartan involution on all these 
generators. In particular, H ai — H Q5 is compact and generates so (2). The stabilizers E± a2 , 


E± 


Ot-A 1 


E-ot-2 ; ^ h V4 ; 


E, 


a 2 +a 3 +« 4 ± E- a3 and E a3 ± E_ a2 _ a3 _ ai give four compact and four 


non-compact generators, while the remaining two conjunction stabilizers are compact in 
the | Ai) + | A 4 ) case and non-compact in the | Ai) — | A 4 ) case, so that one obtains the 
ten generators of so(l, 4) ~ usp (2, 2) and so(2, 3) ~ sp (4, R)), respectively. Together with 
the remaining stabilizers, this leads to the algebras [so(l,4) © so(2)] x (R x R( 4,2 )) and 
[ 50 ( 2 , 3 ) ©so(2)] x (R x M^ 4,2 ^), which are the stabilizing algebras for the 1/2-BPS and the 
non-super symmetric 2-charge orbits of this theory 


4.2.3 3-charge orbits 

We then move to the “small” 3-charge (i.e. rank-3 [751.35]) orbits, corresponding to 
the bound states | Ai) + | A 4 ) + | Ag ) and | Ai) + | A 4 ) — | Ag ). The stabilizers of the 
bound states are listed in ITable 24l In the third and fourth column of the table, we list 
the conjunction stabilizers for two of the weight vectors (whose weights are given in the 
second column) that annihilate the third. The semisimple part of the algebra is generated 
by the two Cartan among the common stabilizers and by the conjunction stabilizers in 
the second and third line of each row. One can check that in the | Ai) + | A 4 ) + | Ag) 
case all these generators are compact, while in the | Ai) + | A 4 ) — | Ag ) case there are four 
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compact and four non-compact generators. Both in the third and fourth column, among 
the three conjunction stabilizers in the first line of each row only two are independent. The 
resulting stabilizing algebras are su(3) k M 8 for the | Ai) + | A 4 ) + | Ag ) bound state, and 
su(l, 2) tx M 8 for the | Ai ) +1 A4 ) — | Aq ) bound state. From comparison with the literature 
|46], the former corresponds to the 1/2-BPS orbit, while the latter is non-supersymmetric 
(non-BPS). 
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3 

£01+02+03 

£02+03+04 
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2 

£01+02 
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£04+05 
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£04+05 

1 

E 
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E 

-^03 

Ea 5 
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Eoi 3 

E a4 
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E 
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Eol$ 
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Ha\ H - H a 2 
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H ai 
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Hct2 
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-1 
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3 
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E—as 
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£—02 —03 —04 

E 

-^—03—04—05 

£—op —02—03 

E 

-^—02—03—04 

£—03—04—05 

-4 

£—01 —0:2 —03 —0:4 

E— Q;2 — Q; 3 — 0 : 4 — 0:5 

£—op —02—03—04 
£—02—03—04—05 

£—01—02—03—04 

E 

-*^—02—03—04—05 

-5 

£—01 —02—03—04—05 

E 

-^—op—02—03—04—05 

£—01—02—03—04—05 


Table 26: The stabilizers of the complex-weight vectors I E 11 ), | £12 } and of the lowest-weight vector As 
of the 20 of su(3,3). 


4.2.4 4-charge orbits 

Moving to the 4-charge ( i.e . rank-4 (78,:48j) “large” orbits, the only common stabilizers 
of the states | Ai), | A 4 ), | Ag ) and | A 7 ) are the Cartan generators H Q2 — H a4 and H ai — 
H a5 , which are both compact. Considering the pair | Ai), | A 4 ), only the third and fourth 
conjunction stabilizers in the second column of ITable 231 annihilate both | Aq ) and | A 7 ), 
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Ai) + | As ) Stabilizers (Common) 


Ea 4 +a 2 

E a4 +a 5 

E ai 

Ea2 

E a4 

Ea 5 

H ai 

Eol2 

H a4 

Ha 5 

Oil 

E 

^ — OL2 

E—014 

E~a$ 

E 

■a\—OL2 

E-a 4 - 

-«5 


Table 27: The stabilizers of the bound state | Ai) + | As ), forming the algebra sl(3, C). 


while the sum of the first two is a conjunction stabilizer for the pair | Ag ), | A 7 ). Repeating 
the same analysis for any other pair of weight vectors, one derives the generators that are 
listed in lTablc 251 For each of the third, fourth and fifth column, only two of the generators 
in the last line of each row are independent. It is easy to check the compactness of the 
stabilizers, and one can show that they generate su(3)©su(3), sl(3, C) and su(l, 2)©su(l, 2 ). 
By comparing with the literature [291 146] . the first case is the stabilizer of the “large” 
time-like 1/2-BPS orbit, the second one is the stabilizer of the “large” space-like (dyonic) 
non-super symmetric (non-BPS) orbit, and the third one stabilizes the “large” time-like 
non-super symmetric (non-BPS) orbit. 

Exactly as for the AT = 2, D = 4 Maxwell-Einstein supergravity theory based on 
J® treated in Isubsection 3.21 it can be checked that in the 4-charge dyonic orbit there 
are both conjunction stabilizers on real and on complex-weight vectors, that change their 
compactness with respect to the supersymmetric “large” orbit. Instead, the generators 
that change their compactness in the non-supersymmetric (non-BPS) 4-charge | Ai) + 
| A 4 ) — | Ag) — | A 7 ) orbit (compared the the supersymmetric one) are only conjunction 
stabilizers on complex-weight vectors. 

The analogy with the theory based on J® discussed in the previous section can be 
further carried out. Indeed, one can show that the non-supersymmetric orbits can also be 
derived as bound states involving real combinations of complex-weight vectors. Moreover, 
the 4-charge dyonic orbit can also be derived as a bound state of the highest-weight vector 
and the lowest-weight vector. In ITable 26l we list the stabilizers of two independent 
complex-weight vectors, that (without any loss of generality) we take to be | En) and 
| £ 12 ), and of the lowest-weight vector |A§). By following the procedure established 
in the treatment above, the stabilizers and their compactness in the various cases can 
be determined, and it can be shown that the signature of the resulting real form of the 
stabilizing algebra is consistent with the general interpretation that the sum | £n ) +1 £12 ) 
is equivalent to the difference of two real-weight vectors. As far as the | Ai) + | As ) orbit 
is concerned, we list in ITable 271 its stabilizers, which form the algebra st(3, C). As for the 
same realization of the representative of the 4-charge dyonic non-supersymmetric space¬ 
like orbit of the 14/ of sp(6, M), also in this case there are no conjunction stabilizers, but 
only common stabilizers. 

To summarize, we list in lTablc 281 the stabilizing algebras for the various bound states 
of the 20 of su(3, 3) which have been realized above, also including the aforementioned 
bound states involving real combinations of complex-weight vectors. The results match 
the ones reported in Table VI of [46] . 


A completely analogous analysis, based on the projection to the restricted-root sub- 
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States 

stabilizer 

m 

i 

H 

1 Ai) 

sl(3,C) x M 9 


1 Ai) H- 1 A.4) 

[ 50 ( 1 ,4) ® so(2)] x (R x R( 4 ’ 2 )) 

m 

i 

CM 

1 Ai) — | A 4 ) 

[ 50 ( 2 ,3) © so(2)] x (M x M* 4,2 )) 


Sn ) + | £ 12 ) 

[ 50 ( 2 ,3) ® so(2)] x (R x Rl 4 ’ 2 )) 


I Ai) + | A 4 ) + | Ag) 

su(3) x R 8 

m 

1 Ai) + | A 4 ) — | Ag) 

su(l, 2) x R 8 

CO 




Ai) + | £11 ) + £12 ) 

su(l, 2) x R 8 


|A 1 )-(|£ 11 ) + |£ 12 » 

su(l, 2) x R 8 


1 Ai ) + | A 4 ) + | A 6 ) + | A 7 ) 

su(3) ® su(3) 


1 Ai) + | A 4 ) + | A 6 ) — | A 7 ) 

sl(3, C) 


1 Ai) + | A 4 ) — | A 6 ) — | A 7 ) 

su(l,2) ®su(l,2) 

m 

i 

Ai) + | A 4 ) + £n ) + £ 12 ) 

s((3, C) 


[ Ai) + | A 4 ) — (| £n ) + £ 12 )) 

sl(3, C) 


1 Ai) — | A 4 ) + | £n ) + £ 12 ) 

su(l,2) ®su(l,2) 


1 Ai) + | A g ) 

s((3, C) 


Table 28: Stabilizers of the different bound states in the 20 of su(3, 3). 


algebra of the U-duality Lie algebra, can be performed for the other two magic theories, 
based and J®, in D = 5 and D = 4. We leave it to the reader to verify that in all 
cases the results that one obtains match what is already known in the literature. 

5 AT = 4 and AT = 2 supergravities based on R © T m _i n _i 

In this section we consider the AT = 4 and Af = 2 supergravity theories based on the 
infinite sequences of semisimple rank-3 Jordan algebras M® r m _i jTl _i, where r, n _p n _i is 
the Clifford algebra of 0(m — 1, n — 1) [83]. In the Af = 4 case (corresponding to m = 6), 
the five-dimensional theory coupled to n— 1 vector multiplets contains n+4 vectors (where 
5 of them belong to the gravity multiplet) transforming in the (4 + n) of 50(5, n — 1) and 
an additional vector (dual of the universal 2-form in the gravity multiplet) which is a 
singlet of of 50(5, n — 1), together with 5(n — 1) + 1 real scalars parametrizing the coset 
manifold R + x 50(5, n — l)/[50(5) x 50(n — 1)]. The four-dimensional theory coupled 
to n vector multiplets contains n + 6 vectors, that together with their magnetic duals 
transform in the (6 + n, 2) of 50(6, n) x 5L(2,R), and 6n + 2 real scalars parametrizing 
the coset manifold 50(6, n)/[50(6) x 50(n)] x 5L(2,R)/50(2). On the other hand, in 
the AT = 2 case (corresponding to m = 2), the five-dimensional theory coupled to n vector 
multiplets contains n+1 vectors transforming in the 1 ® n of 50(1, n— 1), and n real scalars 
parametrizing the coset manifold R + x 50(1, n— l)/50(n — 1), while the four-dimensional 
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theory coupled to n + 1 vector multiplets contains n + 2 vectors^! that together with their 
magnetic duals transform in the (2 + n.2) of SO( 2 , n ) x 5L( 2 , R), and n+1 complex scalars 
parametrizing the special Kahler cosetpH 5012. n)/[SO( 2) x 50(n)] x 5L(2,M)/50(2). 

A complete classification of all the extremal BH orbits of these theories can be found 
in |45| and [36]. Here we want to show that the same results can be derived by using 
the methods applied in the previous section for the magic supergravity theory based on 
J 3 . We thus want to obtain the orbits from the stabilizers of suitable bound states of 
real-weight vectors of the representation of the BH charge, where the reality properties 
of the weights are derived from the Tits-Satake diagram that defines the real form of 
(the semisimple part of) the symmetry algebra. In the first subsection, we will discuss 
the five-dimensional case, while in the second subsection we will perform a more detailed 
analysis in four dimensions for the particular case of the A/" = 2 theory coupled to 4 vector 
multiplets. 

5.1 D = 5 

In both A/" = 4 and AT = 2 theories, the BH charges are ( Q , Qm), where M is a vector 
index of either 50(5, n — 1) or 50(1, n — 1). The BH orbits are characterized by the cubic 
expression QQ ai Qm, which is an invariant of M + x 50(5, n — 1 ) or of M + x 50(1, n — 1 ), 
because Q has weight +2 and Qm has weight —1 under M + [i6j. We want to determine 
the stabilizing algebra of each orbit by considering bound states of suitably chosen weight 
vectors. In particular, as far as the simple part of the symmetry algebra is concerned, we 
have to consider bound states of real-weight vectors | Aj), where the reality properties are 
derived from the corresponding Tits-Satake diagram. Together with those, we can also 
consider the state | A), corresponding to the charge Q. 

In |7TJ it was shown that for an orthogonal algebra so(p, (/)0 the real-weight vectors 
of the p + q representation simply identify the light-like components of the charge Qm- 
Choosing p < q, this means that there are 2 p real weights in the representation, because 
one can make a choice of basis such that there are 2 p light-like directions. If p 7 ^ 0, 
the highest weight is always real, and we denote it with A+, where + = x + t with x 
and t two ‘space’ and ‘time’ directions of the vector representation of so(p,q). Under 
transformations of the algebra, the only weight that cannot be reached from | A + ) is the 
lowest-weight vector | A_ ), where — = x — t. The outcome of this analysis is that we have 
to consider bound states of | A), | A + ) and | A_ ). 

5.1.1 1-charge orbits 

There are two different 1-charge orbits, corresponding to the weight vectors | A) and 
| A + ). The stabilizing algebras are so(5, n — 1) and (so(l,l) © so(4, n — 2)) x M n+2 in 
the Af = 4 case, and so(l,n — 1 ) and (so(l, 1 ) © so(n — 2 )) x M n ~ 2 in the AT = 2 case. 
Comparing with Table III and IV of [3B], one recognizes these as the rank-la and rank-lc 
orbits of that paper. Both orbits are 1/2-BPS in both theories. 

ls Note that, in the D = 5 —> 4 reduction, the D = 5 graviphoton becomes the Maxwell vector field of 
the D = 4 axio-dilatonic vector multiplet, while the Kaluza-Klein vector becomes the D = 4 graviphoton. 

16 Actually, after [84], this is the unique example of non-irreducible (i.e., product) special Kahler manifold. 

17 Without loss of generality we can take p + q even, so that all the weights of the vector representation 
have the same length. 
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5.1.2 2-charge orbits 

The independent 2-charge orbits correspond to the bound states | A) + | A + ), | A) — 

| A + ), | A + ) + | A_ } and | A + } — | A_ ). In the Af = 4 case, the first two bound states have 
the same stabilizing algebra so (4, n — 2) x R n+2 , while the third gives so (4, n — 1) and the 
fourth gives so(5 ,n — 2). From [06], we recognize these as the rank-2c 1/4-BPS orbit, the 
rank-2a 1/2-BPS orbit and the rank-26 non-super symmetric orbit. 

Similarly, in the Af = 2 case the same bound states have the stabilizers so(n—2) x R n ~ 2 , 
so(n—1) and so(l, n—2). By comparing with Table IV of [06] one realizes that the first orbit 
undergoes a further stratification in four different orbits 2 c± and 2d =t . From the analysis 
of [35] (see also m), this corresponds to changing the sign of | A), which is not visible in 
our analysis. Two of these four orbits are 1/2-BPS and two are non-supersymmetric. Of 
the remaining two orbits, again the first is the rank-2a 1/2-BPS orbit and the second is 
the rank-26 non-supersymmetric orbit. 

5.1.3 3-charge orbits 

We now move to the 3-charge orbits. The independent bound states are | A} + | A + ) + 

| A_ ), — | A) + | A + ) + | A_ ) and | A) + | A + ) — | A_ ). In the Af = 4 case, the first two give 
the stabilizing algebra so(4, n — 1) and the third gives so(5,n — 2). By comparing with 
Table III of [35] one can see that the first algebra gives the 1/4-BPS rank-3a6 orbitl 18 ! and 
the second gives the non-supersymmetric rank-36 orbit. In the AT = 2 case, the stabilizing 
algebras become so(n — 1) and the third gives so(l,n — 2), and by comparing with Table 
IV of pS] one realizes that the first stratifies into four different orbits (two 1/2-BPS and 
two non-supersymmetric). As in the case of the 2-charge orbit, from the analysis of [45] 
(see also [36]) this corresponds to flipping the sign of | A), but this cannot be detected in 
our analysis. 


ctl CX-2 Oi 3 


o-o-o 



Figure 11: The Tits-Satake diagram of the algebra so(2, 4). 


5.2 D = 4 

The BHs of the four-dimensional AT = 4 and AT = 2 theories based on the infinite 
sequences of semisimple rank-3 Jordan algebras resp. R©I\ n _i have electric 

and magnetic charges Q a M, where a is a doublet of SL(2 ,R) and M is a vector index 
of SO(6, n) resp. SO(2,n). In the present investigation, we will analyze in detail the 
particular case of the Af = 2 theory with n = 4, in which case the charge is in the 
representation (6,2) of the algebra^ so(2,4) ©sl(2,R) ~ su(2,2) ©sl(2,R). The Tits- 

18 From point 3 of Theorem 3 of [ 46 ], the 1 / 4 -BPS rank-3a6 orbit should better be called rank-3a orbit 
in Table III therein. 

The Af = 4 —> Af = 2 splitting of orbits (for the infinite Jordan sequence in D = 5 ) is elucidated in Table 
6 of [ 45 ] (which however, with respect to the Tables II and IV of [ 46 ] , “unifies” the rank-3a + and rank-36 - 
orbits, as well as the rank-3a _ and rank-36 + orbits). 

19 The motivation for choosing this algebra is simply that this is the smallest non-split relevant algebra, 
which then allows to exploit all techniques for the slightly more involved case of non-split U-duality algebras, 
already applied to the theories based on jf" in the treatment above. In fact, the smaller cases n = 1 (ST 2 
model), n = 2 (STU model) and n = 3 all exhibit split U-duality algebras. 
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height 

1 A+> 

|A 2 -> 

1 Ay) 

1 A 4 ) 

3 

Ea 1 + a 2 +a 3 

-£'0:1-1-0:2-1-03 



2 

£'oi+o 2 E a2 -\- a3 

£'0:1-1-02 £'02+03 

£' 01+02 £'02 +03 


1 

£+*i E a2 E as Ep 

£01 £^03 

E a 2 

£01 £^03 Ep 

0 

Hoci £^a 3 Hct2 Hp 

H ai “I - H a2 H az + H a2 H a 2 Hp 

H a 1 + H a2 H a3 + H a2 H a2 + Hp 

H ai H a 3 H a 2 + Hp 

-1 

£'— oi E— a 3 

E-a 2 E_p 

E—ai E— a 3 E—p 

E—a 1 E—a 2 E—a 3 

-2 


£'—01—02 £'—02—03 

£'—01—02 £'—02—0:3 

£'—01—02 £'—02—03 

-3 



£'—01—02—03 

£'—01—02—03 


Table 29: The stabilizers of the weight vectors of the (6, 2) of so(2,4) ©s((2, R) that are used in the paper. 


Satake diagram of so(2,4) is drawn in Figure 11 Moreover, we denote with P the positive 
root of sl(2,M). From the diagram, and observing that sl(2,M) is split, one obtains the 
action of the Cartan involution on the roots 


9 a i = — «3 


9 a 2 = —«2 


ep = -p 


(5.1) 


The highest weight of the (6, 2) is the weight A+ = ^a± + 02 + ^03 + \p, which is real. 
We draw in |Figurc 12 all the weights of the representation, denoting with A those that are 
real and with E those that are complex. One gets in total eight real weights, four for each 
component of the sl(2, M) doublet. This is precisely what we expect from the analysis of 
m that we used in the previous subsection, that shows that for vector representations of 
orthogonal algebras the real-weight vectors correspond to components with indices along 
the light-like directions. Indeed, given a vector of so(2,4), one can choose four light-like 
and two space-like directions, and the light-like directions are associated to the real weights 
(while the two complex weights are associated to the two space-like directions). 



Figure 12: The weights of the (6, 2) of so(2, 4) © sl(2, R). 


39 

















Common 

A/“) + A 2 ) Conjunction 

A+ ) — A 2 ) Conjunction 

E ai +a2+Ot3 

E a \+as 

^ 0 : 2+03 

E a i 

Ect3 

Has 
Hql 2 Hfj 

Ep E—Q12 

E a 2 + E_p 

E/3 + E^ a2 


Table 30: The stabilizers of the bound states | A/} + | A 2 ) and | A/) — | A 2 ). In both cases the stabilizing 
algebra is [so(2,1)«8]$ [so(2) k (R 2 © R 2 )]. 


5.2.1 1-charge orbit 

We want to construct the relevant representatives of the duality orbits of multi-charge 
BH solutions as bound states of independent real-weight vectors. In particular, we choose 
the real-weight vectors 


|A f) |A 2 -> |AJ> |A+) . (5.2) 

We list in ITable 291 the generators that stabilize each of these weight vectors. In all cases, 
we get the stabilizing algebra [so(l, l)©so(l, 3)] k (KxK 4 ), resulting in the rank-1 1/2-BPS 
orbit of | 46 ] (set n = 4 in Table VIII therein). 


5.2.2 2-charge orbits 

There are four different 2-charge bound states that one can construct, that in terms of 
the real-weight vectors in eq. (5.2) can be written as 

I A+> + |AJ) |A+)-|A 2 ") |A+) + |A+> |A+)-|A+). (5.3) 


The stabilizers of all these bound states are listed in ITablc 30l and ITablc 3 11 From such 
tables, one deduces that the stabilizing algebra is [so(2,1) tx M] © [so(2) tx (M 2 © M 2 )] for 
the | A/" ) + | A^ ) and | A/ - ) — | A^" ) bound states, while it is so(l, 4) © R for | A/" ) + | A4 ) 


Common 

A/“) + A 4 ) Conjunction 

A/~) — Aj) Conjunction 

E a i 

Ea 3 

Ep 

H a r 

Hag 

E- a i 

E—a 3 

Eol\-\-OL 2 Ot-2— &3 

-^Oi2 +CK3 ^—Ol\ — 012 

-®ai+a! 2 +a !3 ^—a.2 

Ea.2 E'—cx.i —a.2 —ol2> 

-^Q!l+Q !2 -^—OL2—OL3 

■^OL2~\-OL3 — Oi\ — OL2 

■^OL 1 + 012 + 0:3 ^—OL2 

^OL2 E— Q;i _ OL2~OL2, 


Table 31: The stabilizers of the | A/ ) + | Aj" } and | A/ } — | Aj ) bound states. The stabilizing algebra is 
so(l, 4) © R in the first case and so(2, 3) © R in the second. 
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Common 

2 -conj . 

A/ ) + A 2 ) + A4 ) 

|Af> —|A 2 -) + |A+) 

|A/) + |A 2 -)-|A+) 

E ai 

E 

^OL 3 

Hex 1 Ha 3 

a^,a 2 

Ep E—ql2 

Ep + it’—aj 

Ep E— a 2 

Af,A+ 

Hai~\-cx2 H—CX2—CX3 

H(y_2~\-CX^ E— q;i— CX2 

-£'ai+a2+Q!3 H—ol2 

E(Xi~\-cX2 E—QL2—OL3 

Ect2~\-CX3 E —Qi — CX2 

Eai~\-cx2-\-cx3 E — ex2 

E(XI~\-CX2 “I - E—CX2—CX3 

E(X2~\~CX3 “I - E—(X^—CX2 
Ecx\-\-CX2-\-Oi3 E—(X 2 

A 2 , A+ 

Hcx\-\-OL2-\-CX3 H - Ep 

Ecx 1 -\-cX 2+CX3 Ep 

Ecx\-\-CX2-\-Ot-3 Ep 


Table 32: The stabilizers of the bound states | A/ ) + | ) + | Aj ), | A/} — | A^") + | Aj ) and | A/ ) + 

I A 2 ") — | A/). The generators in the third, fourth and fifth column are 2-conjunction stabilizers for the 
weight vectors whose weights are listed in the second column. The stabilizing algebra is (so(3) x R 3 ) x R 
in the fist two cases, and (so(l, 2) x R 3 ) x R in the last case. 


and so(2, 3) © R for | A/~ ) — | A(/). In particular, the real form of the semisimple part of 
the stabilizing algebra can be easily determined from the Cartan involution in eq. (5.1) 
By comparing with Table VIII of [36|, one gets that the | A/" ) + | ) and | A) 1 ") — | A 2 ) 

bound states correspond to the rank-2c + and rank-2c _ orbits, where the first is 1/2-BPS 
and the second in non-supersymmetric, while | A/") + | A ^) gives the 1/2-BPS rank-26 
orbit and | A/~) — | Aj/ ) gives the non-supersymmetric rank-2a orbit. 


5.2.3 3-charge orbit 

There are three different 3-charge bound states that can be constructed, that we choose 
to be 

|A+) + |A 2 -) + |A+) |A+)-|A 2 -) + |A+) |A+) + |A 2 -)-|A+) . (5.4) 

The corresponding stabilizers are listed in ITablc 321 The stabilizing algebra is (so (3) x 
R 3 ) x R for the fist two bound states, and (so(l,2) x R' 3 ) x R for the last bound state. In 
the notation of [46], the first two cases correspond to the rank-3a + and 3a _ orbits, where 
the first is 1/2-BPS and the second in non-supersymmetric, while the last corresponds to 
the rank-36 non-supersymmetric orbit. 


Common 

2-conj. 

1 Af) +1 A 2 ) +1A 3 ) +1 Aj > 

|Af)-|A 2 -) + |A 3 > + |A+) 

|Af)-|A 2 )-|A 3 -) + |A+) 

|A+)-|A 2 ) + |A 3 )-|A+> 

H ai H a 3 


F a 2 + F f) 


F «*~ F F 

-^02 ^0 


rp— 1 p— 

*01+02+03 ' r 0 

P+ p+ 

*01+02+03 r 0 

P— p — 

r ai+Q 2 +a 3 r 0 

P~ 1 p — 

* 01 + 02+03 ' r 0 

Af,A+ 

p— _ p— 

r Ql+a 2+«3 r «2 

E ai -\-a >2 — E— 0 . 2 —OIZ 

Ea 2 +ot 3 ~ E — ai — a2 

P+ _L p+ 

01+02+03 1 0.2 

Eocx+a.2 — E— a 2—0:3 

Ea 2+03 E— ai —Ck2 

p— _ p— 

r ai+Q 2 +o -3 r a 2 

E a \+a .2 E— a 2 —a 3 
Ea 2 + a3 E—a 1—a2 

p— 1 p— 

r Ql+Q 2 +Q 3 ' r <*2 

Eai+012 "t” E—a 2 —ot 3 
Ea 2 +a 3 “1” E—ai~a 2 

A 2 , a 3 

p— _ p— 

r ai+a 2 +a 3 *02 

Ea.\ 03 

Eotz E— Qi 

P+ 1 p+ 

r ai+a 2 +a 3 ' c 0.2 

Ea 1 “I” E— a 3 

E a 3 + E— ai 

p— _ p— 

r ai+Q 2 + 0!3 *02 

p — P 

J-'ai -‘-'—ap 

Ea 3 E—a 1 

p— 1 p— 

*01+02+03 ' r 012 

Ea 1 “I” E— a 3 

Ea 3 “I” E—ai 

Ai,A+ 

p— 1 p— 

*01+02+03 ' r 0 

P+ p+ 

*01+02+03 r 0 

p— p— 

*01+02+03 r 0 

p— 1 rp— 

*01+02+03 ' r 0 

a 3 ,a+ 

F a 2 + F p 

n.+K 

F a 2 ~ F F 

-^02 _ ^0 


Table 33: The stabilizers of the 4-charge orbits of the (6, 2) of so(2,4) ©sl(2, R). In the second column we 
list the pair of states for which the corresponding operators are 2-conjunction stabilizers. In any column, 
there are only two independent generators among those in the first line of each row. The stabilizing algebras 
are so(2) ©so(4) in the first and third case, so(l, 1) ©so(l, 3) in the second case, and so(2) ©so(2, 2) in the 
fourth case. 
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5.2.4 4-charge orbits 


We finally consider the 4-charge orbits. There are four possible bound states, namely 

I A-i") + 1 A 2 ) +1 A 3 } +1 ) | A|} — | A 2 ) +1 A 3 ) +1 A .£) 

|A+)-|A 2 -)-|A 3 > + |A+> |A+)_|A-) + |A-)_|A+) . (5.5) 

The procedure to determine the stabilizing algebra is analogous to the one used for the 
4-charge orbits in the previous two sections: for each pair of weight vectors, we combine 
their 2-conjunction stabilizers in order to obtain a generator that is also a stabilizer for 
the other pair. On top of this, one has to consider the common stabilizer, which is 
the compact Cartan generator H ai — H a3 . The final result is listed in ITable 331 One 
can see from this table that the stabilizing algebra for the first and third bound states 
is the compact algebra so(2) 0 so(4), while one gets so(l,l) 0 so(l,3) for the second 
bound state, and so(2) 0so(2,2) for the fourth. In the notation of [|6], the first and 
the third bound states correspond to the rank-4a + and 4a _ orbits (where the first is 
1/2-BPS and the second is non-supersymmetric), the second bound state corresponds to 
the rank-4c non-supersymmetric dyonic orbit and the fourth bound state corresponds to 
the rank-46 non-supersymmetric orbit. As in the other 4-charge orbits discussed in the 
previous sections, the dyonic orbit is special because among the generators that become 
non-compact compared to the supersymmetric orbit, there are some that are conjunction 
stabilizers connecting real-weight vectors to real-weight vectors. 


This completes the analysis of the orbits of the J\f = 2, D = 4 theory coupled to 4 
vector multiplets and based on M 0 Ti i 3 . The above procedure can be applied to any other 
case, reproducing the correct result also for the M = 4, D = 4 sequence (c/r. Tables VII 
and VIII of @B]). 

6 Central charges and defect branes 

In [851 |86) : 8? j it was shown that in the maximal supergravity theories the “non¬ 
standard” branes (branes with two or less transverse directions), whose representations 
contain weights of different length [68], always have degenerate BPS conditions. The stan¬ 
dard branes instead always belong to representations whose weights have all the same 
length, and there is a one-to-one relation between the charge of these branes and the cor¬ 
responding central charge in the supersymmetry algebra. This in particular implies that 
in the maximal theory a black hole which is a bound state preserves less supersymmetry 
than its constituents pj2 [16] [28]. 

The group-theoretical properties of standard branes of the symmetric JV = 2 theories 
considered in previous sections resemble those of the non-standard branes of the maximal 
theories. As we have discussed at length, these branes belong to representations that 
contain either short (in the case of J®) or complex weights (in the case of jf/ jf 1 and 
J®), and the complex weights are projected onto the short weights of the restricted-root 
algebra, which is the algebra of the theory based on J®, by means of the Tits-Satake 
projection m- Moreover, the 1/2-BPS branes always have a degenerate BPS condition 
which implies that a bound state of degenerate 1/2-BPS branes can still be 1/2-BPS. 
In particular, in five dimensions The R-symmetry is USp( 2) = SU{2) and the scalar central 
charge is a singlet, which means that any supersymmetric bound state must preserve the 
same amount of supersymmetry, i.e. it has to be 1/2-BPS, as originally shown in [16], A 
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Charge 

BPS 

1-state 

Qi 2 

1/2 

<D 

Qi 2 + Q2 1 

1/2 

CO 

(N 

Ql 2 + Q2 3 

1/2 


Qi 2 + Qs 4 

1/4 


Qi 2 + Q2 3 + Q3 1 

1/2 

CD 

Q\ + Q2 3 + Q3 4 

1/4 

CO 

Qi 2 + Q2 3 T Qa 3 

1/4 


Qi 2 + Q 2 1 + Q 3 4 

1/4 


Qi 2 + Q2 3 + Q3 4 + Qa 5 

1/4 

CD 

Q\ + Q2 3 + Q3 4 + Qa 1 

1/4 

CO 

4 

Qi 2 + Q2 3 + Q3 1 + Qa 

1/4 


Qi 2 + Q2 1 + Q3 4 + Qa 3 

1/4 


Qi~ + Q2 1 + Q3 4 + Qa 5 

1/4 

a> 

Qi 2 + Q2 3 + Q3 4 + Qa 5 + Q5 1 

1/4 

lO 

Qi 2 + Q2 1 + Q3 4 + Qa 5 + Q5 3 

1/4 


Table 34: The different bound states of 4-branes in maximal supergravity in D = 7 and the amount of 
supersymmetry that in each case we conjecture to be preserved. 


similar argument applies to the four-dimensional case, where the R-symmetry is U (2) and 
there are two singlet central charges. 

The BPS degeneracy of non-standard branes in the maximal case was used in [68] to 
compute the orbits of their bound states and to determine the supersymmetry that these 
bound states preserve in some examples. In this section we want to further comment in 
this direction, following the group-theory analogy between these branes and the standard 
branes of the J\f = 2 theories. We will focus in particular on defect branes, i.e. branes 
of codimension 2. In the ten-dimensional IIB theory there are two such branes, namely 
the D7-brane and its S-dual, and they preserve the same supersymmetry, so that one can 
construct a bound state which is still 1/2-BPS. It is important to recall that these solutions 
are not asymptotically flat, and their (quantized) charge is given by the monodromy, which 
determines how the scalars transform under G{ Z) (which is the U-duality symmetry of the 
full quantum theory) when going around the brane in transverse space. We refer to )88j 
for a careful discussion on these issues. 

The single 1/2-BPS defect branes of the maximal theories were classified in [86j. The 
charges belong to the adjoint of the duality symmetry group, and the single 1/2-BPS 
branes correspond to the root vectors (the roots are obviously the long weights of the 
adjoint representation). The BPS condition of these branes always has degeneracy two 
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[55] . We can consider as an example the 4-branes of the seven-dimensional maximal 
theory, whose global symmetry group is SL( 5,R). We denote the 4-brane charges in 
the 24 as Qm N , where M and N are indices of the fundamental and antifundamental of 
SL( 5, R) respectively. There are twenty 1/2-BPS branes, corresponding to the components 
with M ^ N. The R-symmetry is SO( 5), and the 4-brane central charge belongs to 
the 10 , which implies a degeneracy two for each central charge as already anticipated. 
In particular, the charges Qm N and Qn M correspond to branes preserving the same 
sup er symmetry. 

We can identify the different bound states in terms of their charge components precisely 
as we did in the previous sections. Identifying with Qi 1 the charge corresponding to the 
highest weight, the charges that are disconnected from it are Qm N with M 7 ^ 1 and 
N 7 ^ 2 . One finds that there are three different types of rank -2 orbits, and we can choose 
their representatives to be Q i 2 + Q2 1 , Qi 2 + Q 2 3 and Qi 2 + Q3 4 respectively. In terms 
of the R-symmetry SO( 5), we conjecture that only the rank -2 bound states with indices 
all different are 1/4-BPS, while the other bound states preserve the same supersymmetry 
as the rank-1 state. This is motivated by the fact that only if the indices are all different 
one obtains a quantity e ABCDE ZabZcd which is non-vanishing, where Zab is the central 
charge and the indices A, B, ... are vector indices of the R-symmetry 50(5). 

We list in ITable 34] all the a-priori different bound states that one obtains, together 
with the conjectured supersymmetry that they preserve according to our criterion. A test 
of the validity of these conjectures, as well as a careful analysis of the orbits corresponding 
to the different bound states in ITable 341 is beyond the scope of this paper. Recently, in 
m a detailed analysis of the supersymetric solutions of maximal supergravity in three 
dimensions has been performed. These solutions correspond to 0-branes, which are defect 
branes in three dimensions. In that analysis, the classification of the solutions in terms 
of nilpotent orbits plays a crucial role. Although our results are too preliminary to allow 
any detailed comparison, it would be interesting to analyze the representatives of the 
supersymmetric orbits in Table 2 of [76] in relation with the bound states of root vectors 
of TT 8 ( 8 ) that one can construct using our method. We hope to report in this direction in 
the near future. 

Finally, we can comment of the possibility of extending this analysis to the defect branes 
of the symmetric AT = 2 theories discussed in previous sections. In five dimensions, these 
theories do not contain any single 1/2-BPS 3-brane, and it would thus be crucial to analyze 
whether supersymmetric 3-brane solutions can be constructed at all, in order to test the 
validity of our conjectures. In four dimensions the situation is more complicated because in 
general the adjoint representation contains long (or real) roots, short (or complex) roots 
and Cartan generators. This means that the representation contains weights of three 
different lengths, and therefore a more careful analysis is required. 

7 Conclusions 

In this paper we have shown that the analysis performed in [28] to compute the duality 
orbits of BHs in maximal supergravities can be extended at least to all the J\f = 2 Maxwell- 
Einstein super gravity theories with symmetric scalar manifolds in D = 4 and D = 5, and 
based on rank-3 simple and semisimple Jordan algebras. A crucial ingredient was the 
conjecture made in m that the charge of any single 1/2-BPS p-brane in such theories 
corresponds to a real-long-weight vector, where the reality properties of the weights are 
determined by the Tits-Satake diagram that identifies the real form of the Lie algebra of 
the duality symmetry. Focusing on asymptotically-flat branes in D = 5 and D = 4, we 
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have first considered in detail the magic supergravity theories based and Tp . In the 
case the symmetry algebras are split, and therefore all the weights are real. The relevant 
representations contain weights of two different lengths, and we have shown that all the 
orbits can be computed as bound states of long-weight vectors. In the J 3 case, instead, 
all the weights have the same length, but the algebras are not split and hence some of the 
weights are not real. We have shown that the various BH orbits correspond to different 
bound states of real-weight vectors. We have then shown how it is straightforward to 
extend the analysis to the Af = 4 and Af = 2 theories based on infinite sequences of rank-3 
semisimple Jordan algebras. The fact that all our computations correctly reproduce the 
results known in the literature can be considered as a proof that the conjecture made in 
m is correct. 

In general, a crucial feature of the theories considered in this paper is the fact that 
all the BH solutions whose relevant orbit representative has more than one charge (i.e., 
it is of rank > 1 [78J M) split into different duality orbits, preserving different amount of 
supersymmetry. We have shown that this stratification can essentially be traced back to 
the aforementioned structure of the weights of the representations. In particular, in the 

case, this is due to the presence of short weights, while in the jf case it is due to the 
presence of complex weights. Indeed, it is the compactness of the so-called conjunction 
stabilizers on such weights that flips by changing the relative sign of the charges in the 
bound state. The theories based on J^, and <7® all share the feature that by projecting 
the roots of the corresponding Lie algebras on their real part by means of the Cartan 
involution one always obtains the roots of the Lie algebras of the theories based on J®. 
Moreover, under the same projection the representations of all the brane charges are such 
that the real weights are fixed and become the long weights of the representations of the 
jf- theories, while the complex weights are mapped to the short weights m- This explains 
why the stratification of the orbits is exactly the same in all the magic theories. In the 
maximal theories, the duality symmetries are always split, and the BH charges belong to 
representations whose weights all have the same length, which is the reason why the same 
stratification does not occur in that case. 

A special attention should be paid to the 4-charge orbits in four dimensions. In the 
Af = 2 magic theories, the rank-4 solutions stratify into the 1/2-BPS time-like orbit, the 
non-BPS space-like dyonic orbit and the non-BPS time-like orbit. We have shown that 
all these orbits correspond to bound states of the same four long-weight or real-weight 
vectors. The stabilizers that become non-compact in the non-BPS time-like orbit with 
respect to the 1/2-BPS case are conjunction stabilizers on short-weight or complex-weight 
vectors, and again this explains why this orbit does not exist in the maximal case. On 
the other hand, the stabilizers that become non-compact in the non-BPS space-like dyonic 
orbit with respect to the 1/2-BPS case are conjunction stabilizers on both short-weight 
and long-weight vectors (for the theory based on J®), or both complex-weight and real- 
weight vectors (for the other theories). This is the reason why this orbit exists also in the 
maximal theory. 

The charges of the defect branes of the maximal supergravity theories share with the 
charges of the black holes of the theory based on the property that their representation 
contain weights of different length. This led us also to conjecture that our method should 
be applied to classify the different bound states of such defect branes and the amount of 
supersymmetry that they preserve. It would be interesting to compare our results to those 
of [75] and also to generalize them to the case of theories with less supersymmetry, and 
in particular to the J\T = 2 theories considered in this paper. We leave this as an open 
problem. 
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The powerful method used to analyze and derive the structure of the stratification of a 
representation space of a given Lie algebra, used in [28] and exploited in the present paper, 
can be applied to a variety of frameworks. For instance, our analysis could be extended also 
to those Maxwell-Einstein supergravity theories which have symmetric scalar manifolds 
but are not related to rank-3 Jordan algebras, such as JV = 2 minimally coupled, JV = 3 
and JV = 5 theories in D = 4, and the so-called non-Jordan symmetric sequence in D = 5. 
Furthermore, it would be straightforward to apply the above method to analyze the orbits 
of dyonic black strings (as well as of electric black holes and magnetic black 2-branes) 
in D = 6, both chiral and non-chiral@ theories. Moreover, it would be interesting to 
consider non-super symmetric Maxwell-Einstein theories in T = 4, 5, 6 dimensions, based 
on the rank-3 simple Jordan algebras Jg and over the split complex numbers C s and 
the split quaternions . These theories have a split U-duality algebra [551 [501 fOT] , and 
they would share the same structure of stratification as maximal supergravity (which is 
based on the rank-3 simple Jordan algebra Jg over the split complex numbers 0 S ). 

The analysis presented in this work may also turn to be useful to analyze and gain 
insights in the structure of duality orbits of multi-centered extremal black p-branes in 
supergravity, for example of two-centered extremal black holes in D = 4 Maxwell-Einstein 
theories. Some results on the stabilizing subalgebras of such orbits have been derived in 
literature |92j HU EH E31® E7] (see also [98]), but they only concern “generic” orbits. 

Another framework in which the approach of this paper could be exploited is pro¬ 
vided by flux compactifications. For instance, it may be applied to the determination of 
the stratification of the representation space of non-geometric fluxes, along the lines and 
motivations e.g. of M- 

Finally, it would be interesting to study the orbit structure pertaining to the recently 
introduced “Born-Infeld attractors” in the context of new types of U( l) n Born-Infeld 
actions based on rigid JV = 2 special geometry in four dimensions [100, lOlj . 
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A Short weights and F± stabilizers 

The analysis developed in ISection 3l for split Lie algebras shows a variety of brane bound 
states richer than the ones found in the maximal theory [28] . This variety, that yields 
a stratification of the corresponding representation space into orbits, characterized by 
different compactness of the semisimple part of their stabilizing subalgebra, can ultimately 
be tracked back to algebraic properties of the representations we have analyzed (namely, 
the 6 of sI(3,M) in D = 5 and the 14' of sp(6,R) in D = 4). As we have outlined in 
IScction ~3l the only generators able to modify the compactness of the stabilizing algebra 
are the s. On the other hand, the aforementioned U-duality representations of BHs in 
the magic JV = 2 supergravity based on jf- differ from the maximal theory ones (namely, 
27 of c 6 (@) in D = 5 and 56 of e 7 ( 7 ) in D = 4) for the presence of weights of different 
lengths. 

20 Various results on duality orbits in D = 6 were derived in ESI Hi EH mi. 


46 










In this appendix, we aim at making the link between the presence of short weights 
and orbit stratification explicit. This link essentially resides in the relation between short 
weights and F± stabilizers, realizing the statement that if the bound state of two long- 
weight vectors of a representation, say | Ai), | A 2 ), is stabilized by an operator like F±, 
assuming that 


E a \Ai) = |£> 

E-a\ Ai ) = 0 
F a | A 2 ) =0 
F-a\ A 2 ) = | E) , 

then the weight E = Ai + a: = A 2 — a must be a short weight, namely 

(E,E) = (Ai + a, Ai + a) = (A 2 — a, A 2 — a) < (Ai, Ai) = (A 2 , A 2 ) 


(A.l) 


(A.2) 


To prove this, we show that if this inequality did not hold, this would lead to an inconsis¬ 
tency. In particular, let us suppose that (Ai + a, Ai +a) > (Ai,Ai) and (A 2 — a, A 2 — a) > 
(A 2 , A 2 ). This would imply that 


2(a, Ai) 

(a, a) 

2 (a, A 2 ) 
(a , a) 


> -1 


> -1 


(A.3) 


or equivalently 


ip Ai - QAi)a > -1 
(' QA 2 ~PA 2 )a > “I 


(A.4) 


where we denote with (pa)» and {q\) a the steps down and up respectively that one can 
make starting from A along the direction a and reaching another weight vector. This 


relation is clearly inconsistent because eq. (A.l) implies 


(PA^a = 0 
(9Al)a = 2 
{QA 2 )a 0 
( PA 2 )a = 2 


(A.5) 


Hence, this proves eq. (A.2), and therefore E must be a short weight. 

To conclude, the presence of the F± as stabilizers is directly related to the presence of 
weights of different length in the representation. As shown in the paper, the stratification 
of the 2-charge and 3-charge orbits is only due to the presence of such generators in the 
stabilizing algebra. This explains why in the maximal supergravity theories, whose BH 
charge representations have weights all with the same length, such stratification does not 
occur. 


B Cartan involution and extraspecial pairs 

In the paper we have derived the duality orbits of extremal BH solutions using the 
following procedure: 
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• the identification of the stabilizing algebra, in particular of its semisimple part, by 
studying the commutation relations of the stabilizers from the commutation relations 
of the U-duality Lie algebra itself. This can be done reconstructing the Cheval- 
ley basis and sometimes requires a complexification, since not all real forms admit 
Chevalley basis; 


• the identification of the real form of the stabilizing algebra from the action of the 
Cartan involution on its generators. 

In these two steps a relevant role is played by the structure constants of the U-duality al¬ 
gebra. In particular, while the identification of an algebra starting from a set of generators 
essentially reduces to identifying the structure constants, the connection between Cartan 
involution and structure constants is more subtle. 

In order to determine the action of the Cartan involution on the stabilizing generators, 
we have derived the dual action on the corresponding roots from the Tits-Satake diagram 
of the real form of the U-duality algebra through the scheme elucidated in ISection 4l In 
particular, a black painted node, corresponding to an imaginary simple root, which is fixed 
under 9, gives a generator which is also fixed under 8, and hence compact. On the other 
hand, for an unpainted node, either isolated or linked by an arrow to another unpainted 
node, the action of the Cartan involution on the corresponding root vector is fixed only 
up to a sign: 

9E a = p a Eg a , (B.l) 

where p a can be chosen to be ±1. Once the action of the Cartan involution on the simple- 
root generators is defined, its action on the other generators can be deduced by using the 
commutation rules 

{ N a ,pE Q+ i 3 if a + f3 root 

H a if a + j3 = 0 , (B.2) 

0 if a + f3 not root 

by means of 


@\EcnEp\ Na,/3@E a +i3 \0E a ,9Ep] PaPp\Eg a: Egpj PaP/3-Eda,9f)Eg a ^gp , (B.3) 


yielding 


n T? _ N 6a,6/3 ^ 

— PaPft jyr EL/Q a -\-Qj3 
1\ ( 


a,/3 


(B.4) 


This relation shows that the action of the Cartan involution on any generator can be 
deduced from its action on the simple roots, by knowing the structure constants of the 
underlying Lie algebra. 


Stating from the commutation relations in eq. (B.2), by using the antisymmetry of the 
commutator and the Jacobi identity one obtains that the structure constants must satisfy 
the following identities (for further details see e.g. [ 102 ) ): 


N a ,p = -IV, 


N, 


ai ,a 2 


/3,a 

-^03,0,1 _ ^Vq, 2 ,o ,3 


(«3,a3) («2,ct2) (au,ou) 

ET a , = — (p + l) 2 


fVaj ,0,2 ^^03,04 


+ 


^Vo2 ,03 ^Voi ,04 


+ 


^Vo3,01 fVa 2 ,04 


(«i + a 2 , o?i + 0 : 2 ) ( 0 L 2 + a 3 , 0:2 + 0 : 3 ) ( 0:3 + ai, 0:3 + a 1 ) 


= 0 


(B.5) 
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where p is defined as the largest integer such that (3 — pa is a root. It is possible to satisfy 
these equations with the Chevalley basis elements defined in such a way that [102] 


N a,p = ±(P+ 1 ) 


(B.6) 


The sign ambiguity in eq. (B.6) can only partially be fixed by the relations in eq. (B.5), and 


the pairs of roots a and (3 such that the sign of N a p is undetermined are called extraspecial 
pairs. Once one makes a choice for these signs, all the other structure constants signs are 
fixed. In general, the roots a and (3 form a special pair if 0 < a < (3 and a + (3 is a 
root. Such a pair in an extraspecial pair if, for all the other special pairs (a', (3') enjoying 
a + (3 = a' + /?', it holds that a < a'. For the particular case of the Lie algebra sp(6, M) 
that was discussed in ISection 31 we list in lTablc 351 the structure constants N a p, that are 
all uniquely determined once the choice for the signs of the structure constants associated 
to the extraspecial pairs is fixed as done in the table. 


N a ,p 

Q! 

















i—l 


1—1 

1—1 



O 

0 

T—1 

0 

1—I 

1—1 

i-H 

1 

i—l 

0 

0 

i—l 









O 

1—1 

0 

1—1 

1—I 

1—1 

CM 

CM 

CM 

0 

1—1 

O 


1—1 


CM 





T—1 

0 

0 

1—1 

0 

1—1 

O 

1—1 

CM 


0 

O 


0 


O 




(100) 


1 

0 

0 

1 

0 

1 

-2 

0 


0 

0 

-1 

0 

-1 

0 

-2 

1 


(010) 

-1 


1 

0 

-2 

-1 

0 

0 

0 

0 


0 

1 

-2 

0 

1 

1 

0 


(001) 

0 

-1 


-1 

0 

0 

0 

0 

0 

0 

0 


0 

1 

1 

0 

0 

0 


(110) 

0 

0 

1 


-1 

2 

0 

0 

0 

-1 

1 

0 


0 

-2 

0 

1 

-1 

(011) 

-1 

2 

0 

1 


0 

0 

0 

0 

0 

-2 

1 

0 


1 

-1 

-1 

0 


(111) 

0 

1 

0 

-2 

0 


0 

0 

0 

-1 

0 

1 

-2 

1 


0 

-1 

1 


(021) 

-1 

0 

0 

0 

0 

0 


0 

0 

0 

1 

0 

0 

-1 

0 


1 

0 


(12 1) 

2 

0 

0 

0 

0 

0 

0 

[P|| l) 

-2 

1 

0 

1 

-1 

-1 

1 

in -1 


(221) 

0 

0 

0 

0 

0 

0 

0 

0 1 ■ 

1 

0 

0 

-1 

0 

1 

0 

-1 nn 


Table 35: The structure constants of sp(6,R). Given the simple roots an, 02 and 03 , each root aa 1 + 
&«2 + c «3 is identified in terms of the three integers a, b, c. The grey entries are those associated to the 
extraspecial pairs of roots. We only list N a p for f3 a positive root. The other cases can be deduced using 


the relations in eq. (B.5) 


It should be stressed that in general the action of the Cartan involution depends on 

An 


how the signs of the structure constants are chosen, as can be seen from eq. (B.4) 


exception to this general rule occurs for split real forms, in which case 6 acts on all simple 


roots as 9a = —a , and using the third of eq. (B.5) and eq. (B.6) one can show that 


eq. (B.4) can be recast as 


PaPp -^—a—p PaPpE~ a —p 


a,P 


(B.7) 


where p a is the arbitrary sign in the Cartan involution for the simple roots associated to 
the unpainted nodes defined in eq. (B.l) The relation in eq. (B.7) shows that the action of 
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Figure 13: Figure showing in the colored sets the weights that are connected to the long weights of the 14' 
of sp( 6 ,R) considered in the paper, that are painted in red. 


the Cartan involution for split real forms does not depend on the structure constants, but 
only on the choice of the p a 's. In particular, in this paper we made the choice p ai = — 1 
for all simple roots, so that 9E a = —E_ a for any root. 


C Pictorial derivation of the conjunction stabilizers 


In this paper we have derived the orbits of various multi-charge BH solutions from the 
stabilizers of bound states of suitably chosen weight vectors. The condition that these 
weight vectors have to satisfy is that they correspond to long weights (for split real forms) 
or real weights (for other real forms) and that they are independent, i.e. not connected 
by transformations of the algebra. The aim of this appendix is to make it clear that the 
results obtained do not depend on the particular choice of weights. 

We consider the particular case of the 2-charge orbits of the 14/ of sp(6,M), whose 
weights are shown in Figure 6 In the paper we have considered the weights Ai, A 4 , A, 


6 


and A 7 . We draw in Figure 13] all the weights that are connected to each of these four 


weights by transformations of sp(6,M). In each case, all such weights are those inside the 
colored set. From the figure it is clear that the stabilizing algebra for each of these weights 
is the same because the number of long weights and short weights that are connected to 
a given long weight is always the same. 

In Figure 14] we draw the intersection of colored sets for any pair of diagrams in 


Figure 13 In particular, the first diagram corresponds to the intersection between the 
set of weights connected to Ai and those connected to A 4 . We can see from the diagram 
that the only weights belonging to the intersection are the short weight Si and the long 
weights A 2 and A 3 . By comparing with ITable 81 we see that these three weights correspond 
to the three conjunction stabilizers. If we now consider all the other remaining five pairs, 
we see that in all cases the intersection set is made of one short and two long weights, 
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Figure 14: Figure showing the intersections between any pair of colored sets of|Figurc 13| 


which implies that the stabilizing algebra for any pair of two long weights is the same. 


References 

[1] E. Cremmer and B. Julia, “The SO(8) Supergravity,” Nucl. Phys. B 159 (1979) 141. 

[2] C. M. Hull and P. K. Townsend, “Unity of superstring dualities,” Nucl. Phys. B 438 
(1995) 109 [hep-th/9410167]. 


51 

















































[3] L. Borsten, D. Dahanayake, M. J. Duff and W. Rubens, “Black holes admitting a 
Freudenthal dual,” Phys. Rev. D 80 (2009) 026003 [arXiv:0903.5517 [hep-th]]. 

[4] L. Borsten, D. Dahanayake, M. J. Duff, S. Ferrara, A. Marrani and W. Rubens, 
“Observations on Integral and Continuous U-duality Orbits in N=8 Supergravity,” 
Class. Quant. Grav. 27 (2010) 185003 [arXiv: 1002.4223 [hep-th]]. 

[5] M. Bianchi, S. Ferrara and R. Kallosh, “Perturbative and Non-perturbative N =8 
Supergravity,” Phys. Lett. B 690 (2010) 328 [arXiv:0910.3674 [hep-th]]. 

[6] M. Bianchi, S. Ferrara and R. Kallosh, “Observations on Arithmetic Invariants and 
U-Duality Orbits in N =8 Supergravity,” JHEP 1003 (2010) 081 [arXiv:0912.0057 
[hep-th]]. 

[7] A. Dabholkar, D. Gaiotto and S. Nampuri, “Comments on the spectrum of CHL 
dyons,” JHEP 0801 (2008) 023 [hep-th/0702150 [HEP-TH]]. 

[8] A. Sen, “Black Hole Entropy Function, Attractors and Precision Counting of Mi¬ 
crostates,” Gen. Rel. Grav. 40 (2008) 2249 [arXiv:0708.1270 [hep-th]]. 

[9] S. Banerjee and A. Sen, “Duality orbits, dyon spectrum and gauge theory limit of 
heterotic string theory on T**6,” JHEP 0803 (2008) 022 [arXiv:0712.0043 [hep-th]]. 

[10] S. Banerjee, A. Sen and Y. K. Srivastava, “Partition Functions of Torsion > 1 Dyons 
in Heterotic String Theory on T**6,” JHEP 0805 (2008) 098 [arXiv:0802.1556 [hep- 
th]]. 

[11] S. Banerjee and A. Sen, “S-duality Action on Discrete T-duality Invariants,” JHEP 
0804 (2008) 012 [arXiv:0801.0149 [hep-th]]. 

[12] A. Sen, “N=8 Dyon Partition Function and Walls of Marginal Stability,” JHEP 0807 
(2008) 118 [arXiv:0803.1014 [hep-th]]. 

[13] A. Sen, “U-duality Invariant Dyon Spectrum in type II on T**6,” JHEP 0808 (2008) 
037 [arXiv:0804.0651 [hep-th]]. 

[14] L. Carbone, S. Murray and H. Sati, “Integral group actions on symmetric spaces and 
discrete duality symmetries of supergravity theories,” arXiv: 1407.3370 [hep-th], 

[15] E. B. Dynkin, Mat. Sb. 30 (1952) 339 (in Russian), translated in: Arner. Math. Soc. 
Trans., Ser. 2 (1957) 6,111. 

[16] S. Ferrara and M. Gunaydin, “Orbits of exceptional groups, duality and BPS states 
in string theory,” Int. J. Mod. Phys. A 13 (1998) 2075 [hep-th/9708025]. 

[17] R. D’Auria, S. Ferrara and M. A. Lledo, “On central charges and Hamiltonians for 
0-brane dynamics,” Phys. Rev. D 60 (1999) 084007 [hep-th/9903089]. 

[18] S. Ferrara and J. M. Maldacena, “Branes, central charges and U duality invariant 
BPS conditions,” Class. Quant. Grav. 15 (1998) 749 [hep-th/9706097]. 

[19] S. Ferrara, R. Kallosh and A. Strominger, “N=2 extremal black holes,” Phys. Rev. D 
52 (1995) 5412 [hep-th/9508072], 

[20] A. Strominger, “Macroscopic entropy of N=2 extremal black holes,” Phys. Lett. B 
383 (1996) 39 [hep-th/9602111]. 


52 



[21] S. Ferrara and R. Kallosh, “Supersymmetry and attractors,” Phys. Rev. D 54 (1996) 
1514 [hep-th/9602136]. 

[22] S. Ferrara and R. Kallosh, “Universality of supersymmetric attractors,” Phys. Rev. 
D 54 (1996) 1525 [hep-th/9603090]. 

[23] S. Ferrara, G. W. Gibbons and R. Kallosh, “Black holes and critical points in moduli 
space,” Nucl. Phys. B 500 (1997) 75 [hep-th/9702103]. 

[24] J. D. Bekenstein, “Black holes and entropy,” Phys. Rev. D 7 (1973) 2333. 

[25] J. M. Bardeen, B. Carter and S. W. Hawking, “The Four laws of black hole mechan¬ 
ics,” Commun. Math. Phys. 31 (1973) 161. 

[26] M. Gunaydin, G. Sierra and P. K. Townsend, “Exceptional Supergravity Theories 
and the MAGIC Square,” Phys. Lett. B 133 (1983) 72. 

[27] M. Gunaydin, G. Sierra and P. K. Townsend, “The Geometry of N=2 Maxwell- 
Einstein Supergravity and Jordan Algebras,” Nucl. Phys. B 242 (1984) 244. 

[28] H. Lu, C. N. Pope and K. S. Stelle, “Multiplet structures of BPS solitons,” Class. 
Quant. Grav. 15 (1998) 537 [hep-th/9708109], 

[29] S. Bellucci, S. Ferrara, M. Gunaydin and A. Marrani, “Charge orbits of symmet¬ 
ric special geometries and attractors,” Int. J. Mod. Phys. A 21 (2006) 5043 [hep- 
th/0606209]. 

[30] M. Cvetic and D. Yourn, “Dyonic BPS saturated black holes of heterotic string on a 
six torus,” Phys. Rev. D 53 (1996) 584 [hep-th/9507090]. 

[31] M. J. Duff, J. T. Liu and J. Rahmfeld, “Four-dimensional string-string-string triality,” 
Nucl. Phys. B 459 (1996) 125 [hep-th/9508094], 

[32] M. Cvetic and A. A. Tseytlin, “Solitonic strings and BPS saturated dyonic black 
holes,” Phys. Rev. D 53 (1996) 5619 [Erratum-ibid. D 55 (1997) 3907] [hep- 
th/9512031]. 

[33] M. Cvetic and C. M. Hull, “Black holes and U duality,” Nucl. Phys. B 480 (1996) 
296 [hep-th/9606193]. 

[34] K. Behrndt, R. Kallosh, J. Rahmfeld, M. Shmakova and W. K. Wong, “STU black 
holes and string triality,” Phys. Rev. D 54 (1996) 6293 [hep-th/9608059]. 

[35] S. Bellucci, A. Marrani, E. Orazi and A. Shcherbakov, “Attractors with Vanishing 
Central Charge,” Phys. Lett. B 655 (2007) 185 [arXiv:0707.2730 [hep-th]]. 

[36] S. Bellucci, S. Ferrara, A. Marrani and A. Yeranyan, “stu Black Holes Unveiled,” 
Entropy 10 (2008) 507 [arXiv:0807.3503 [hep-th]]. 

[37] L. Borsten, D. Dahanayake, M. J. Duff, W. Rubens and H. Ebrahim, “Freudenthal 
triple classification of three-qubit entanglement,” Phys. Rev. A 80 (2009) 032326 
[arXiv:0812.3322 [quant-ph]]. 

[38] B. L. Cerchiai, S. Ferrara, A. Marrani and B. Zumino, “Duality, Entropy and ADM 
Mass in Supergravity,” Phys. Rev. D 79 (2009) 125010 [arXiv:0902.3973 [hep-th]]. 


53 



[39] L. Andrianopoli, R. D’Auria, S. Ferrara and M. Trigiante, “Fake Superpotential for 
Large and Small Extremal Black Holes,” JHEP 1008 (2010) 126 [arXiv: 1002.4340 
[hep-th]]. 

[40] A. Ceresole, S. Ferrara and A. Marrani, “Small N=2 Extremal Black Holes in Special 
Geometry,” Phys. Lett. B 693 (2010) 366 [arXiv: 1006.2007 [hep-th]]. 

[41] L. Borsten, M. J. Duff, S. Ferrara, A. Marrani and W. Rubens, “Explicit Orbit Clas¬ 
sification of Reducible Jordan Algebras and Freudenthal Triple Systems,” Cornmun. 
Math. Phys. 325 (2014) 17 [arXiv: 1108.0908 [math.RA]]. 

[42] L. Andrianopoli, R. D’Auria and S. Ferrara, “Five-dimensional U duality, black hole 
entropy and topological invariants,” Phys. Lett. B 411 (1997) 39 [hep-th/9705024], 

[43] S. Ferrara and M. Gunaydin, “Orbits and Attractors for N=2 Maxwell-Einstein Super¬ 
gravity Theories in Five Dimensions,” Nucl. Phys. B 759 (2006) 1 [hep-th/0606108]. 

[44] L. Andrianopoli, S. Ferrara, A. Marrani and M. Trigiante, “Non-BPS Attractors in 
5d and 6d Extended Supergravity,” Nucl. Phys. B 795 (2008) 428 [arXiv:0709.3488 
[hep-th]]. 

[45] B. L. Cerchiai, S. Ferrara, A. Marrani and B. Zumino, “Charge Orbits of Extremal 
Black Holes in Five Dimensional Supergravity,” Phys. Rev. D 82 (2010) 085010 
[arXiv: 1006.3101 [hep-th]]. 

[46] L. Borsten, M. J. Duff, S. Ferrara, A. Marrani and W. Rubens, “Small Orbits,” Phys. 
Rev. D 85 (2012) 086002 [arXiv: 1108.0424 [hep-th]]. 

[47] A. Ceresole, S. Ferrara and A. Marrani, “4d/5d Correspondence for the Black Hole Po¬ 
tential and its Critical Points,” Class. Quant. Grav. 24 (2007) 5651 [arXiv:0707.0964 
[hep-th]]. 

[48] S. Krutelevich, “Jordan algebras, exceptional groups, and higher composition laws 
J. Algebra 314 (2007) 924 [math/0411104]. 

[49] O. Shukuzawa, “Explicit Classifications of Orbits in Jordan Algebra and Freudenthal 
Vector Space Over the Exceptional Lie Groups,” Cornmun. Algebra 34 (2006) 197. 

[50] A. Marrani, “Charge Orbits and Moduli Spaces of Black Hole Attractors,” Lect. Notes 
Math. 2027 (2011) 155 [arXiv:1012.3559 [hep-th]]. 

[51] B. R. Greene, A. D. Shapere, C. Vafa and S. -T. Yau, “Stringy Cosmic Strings and 
Noncompact Calabi-Yau Manifolds,” Nucl. Phys. B 337 (1990) 1. 

[52] G. W. Gibbons, M. B. Green and M. J. Perry, “Instantons and seven-branes in type 
IIB superstring theory,” Phys. Lett. B 370 (1996) 37 [hep-th/9511080]. 

[53] L. J. Romans, “Massive N=2a Supergravity in Ten-Dimensions,” Phys. Lett. B 169 
(1986) 374. 

[54] J. Polchinski and E. Witten, “Evidence for heterotic - type I string duality,” Nucl. 
Phys. B 460 (1996) 525 [hep-th/9510169], 

[55] J. Polchinski, “Dirichlet Branes and Ramond-Ramond charges,” Phys. Rev. Lett. 75 
(1995) 4724 [hep-th/9510017]. 


54 



[56] See, e.g., C. Angelantonj and A. Sagnotti, “Open strings,” Phys. Rept. 371 (2002) 1 
[Erratum-ibid. 376 (2003) 339] [hep-th/0204089], 

[57] E. A. Bergshoeff, M. de Roo, S. F. Kerstan and F. Riccioni, “IIB supergravity revis¬ 
ited,” JHEP 0508 (2005) 098 [hep-th/0506013], 

[58] E. A. Bergshoeff, M. de Roo, S. F. Kerstan, T. Ortin and F. Riccioni, “IIA ten-forms 
and the gauge algebras of maximal supergravity theories,” JHEP 0607 (2006) 018 
[hep-th /0602280]. 

[59] E. A. Bergshoeff, J. Hartong, P. S. Howe, T. Ortin and F. Riccioni, “IIA/IIB Super¬ 
gravity and Ten-forms,” JHEP 1005 (2010) 061 [arXiv: 1004.1348 [hep-th]]. 

[60] E. A. Bergshoeff, M. de Roo, S. F. Kerstan, T. Ortin and F. Riccioni, “SL(2,R)~ 
invariant IIB Brane Actions,” JHEP 0702 (2007) 007 [hep-th/0611036]. 

[61] F. Riccioni and P. C. West, “The E(ll) origin of all maximal supergravities,” JHEP 
0707 (2007) 063 [arXiv:0705.0752 [hep-th]]. 

[62] E. A. Bergshoeff, I. De Baetselier and T. A. Nutma, “E(ll) and the embedding 
tensor,” JHEP 0709 (2007) 047 [arXiv:0705.1304 [hep-th]]. 

[63] P. C. West, “E(ll) and M theory,” Class. Quant. Grav. 18 (2001) 4443 [hep- 
th/0104081]. 

[64] E. A. Bergshoeff and F. Riccioni, “D-Brane Wess-Zumino Terms and U-Duality,” 
JHEP 1011 (2010) 139 [arXiv: 1009.4657 [hep-th]]. 

[65] E. A. Bergshoeff and F. Riccioni, “The D-brane U-scan,” Proc. Syrnp. Pure Math. 
85 (2012) 313 [arXiv: 1109.1725 [hep-th]]. 

[66] A. Kleinschmidt, “Counting supersymmetric branes,” JHEP 1110 (2011) 144 
[arXiv: 1109.2025 [hep-th]]. 

[67] E. A. Bergshoeff, A. Marrani and F. Riccioni, “Brane orbits,” Nucl. Phys. B 861 
(2012) 104 [arXiv: 1201.5819 [hep-th]]. 

[68] E. A. Bergshoeff, F. Riccioni and L. Romano, “Branes, Weights and Central Charges,” 
JHEP 1306 (2013) 019 [arXiv:1303.0221 [hep-th]]. 

[69] E. A. Bergshoeff and F. Riccioni, “Heterotic wrapping rules,” JHEP 1301 (2013) 005 
[arXiv:1210.1422 [hep-th]]. 

[70] E. A. Bergshoeff, C. Condeescu, G. Pradisi and F. Riccioni, “Heterotic-Type II 
duality and wrapping rules,” JHEP 1312 (2013) 057 [arXiv:1311.3578 [hep-th], 
arXiv:1311.3578]. 

[71] E. A. Bergshoeff, F. Riccioni and L. Romano, “Towards a classification of branes in 
theories with eight supercharges,” JHEP 1405 (2014) 070 [arXiv: 1402.2557 [hep-th]]. 

[72] E. G. Gimon, F. Larsen and J. Simon, “Constituent Model of Extremal non-BPS 
Black Holes,” JHEP 0907 (2009) 052 [arXiv:0903.0719 [hep-th]]. 

[73] G. Bossard, H. Nicolai and K. S. Stelle, “Universal BPS structure of stationary su¬ 
pergravity solutions,” JHEP 0907 (2009) 003 [arXiv:0902.4438 [hep-th]]. 


55 



[74] G. Bossard, “The Extremal black holes of N=4 super gravity from so(8,2+n) nilpotent 
orbits,” Gen. Rel. Grav. 42 (2010) 539 [arXiv:0906.1988 [hep-th]]. 

[75] P. Fre, A. S. Sorin and M. Trigiante, “Black Hole Nilpotent Orbits and Tits Satake 
Universality Classes,” arXiv: 1107.5986 [hep-th], 

[76] J. de Boer, D. R. Mayerson and M. Shigemori, “Classifying Supersymmetric So¬ 
lutions in 3D Maximal Super gravity,” Class. Quant. Grav. 31 (2014) 23, 235004 
[arXiv: 1403.4600 [hep-th]]. 

[77] M. Gunaydin and M. Zagermann, “Unified Maxwell-Einstein and Yang-Mills-Einstein 
supergravity theories in five-dimensions,” JHEP 0307 (2003) 023 [hep-th/0304109]. 

[78] C. J. Ferrar, “Strictly Regular Elements in Freudenthal Triple Systems,” Trans. Arner. 
Math. Soc. 174 (1972) 313. 

[79] S. Araki, “On root systems and an infinitesimal classification of irreducible symmetric 
spaces,” Journal of Mathematics, Osaka City University, Vol. 13, No. 1 (1962). 

[80] S. Helgason, “Differential geometry, Lie groups and symmetric spaces,” New York, 
Academic Press (1978) (Pure and applied mathematics, 80). 

[81] M. Henneaux, D. Persson and P. Spindel, “Spacelike Singularities and Hidden Sym¬ 
metries of Gravity,” Living Rev. Rel. 11 (2008) 1 [arXiv:0710.1818 [hep-th]]. 

[82] P. Fre, F. Gargiulo, J. Rosseel, K. Rulik, M. Trigiante and A. Van Proeyen, “Tits- 
Satake projections of homogeneous special geometries,” Class. Quant. Grav. 24 (2007) 
27 [hep-th/0606173]. 

[83] P. Jordan, J. von Neumann, and E. P. Wigner, “ On an Algebraic generalization of 
the quantum mechanical formalism,” Annals Math. 35 (1934) 29. 

[84] S. Ferrara and A. Van Proeyen, “A Theorem On N=2 Special Kahler Product Mani¬ 
folds,” Class. Quant. Grav. 6 (1989) L243. 

[85] E. A. Bergshoeff and F. Riccioni, “String Solitons and T-duality,” JHEP 1105 (2011) 
131 [arXiv: 1102.0934 [hep-th]]. 

[ 86 ] E. A. Bergshoeff, T. Ortin and F. Riccioni, “Defect Branes,” Nucl. Phys. B 856 (2012) 
210 [arXiv:1109.4484 [hep-th]]. 

[87] E. A. Bergshoeff, A. Kleinschmidt and F. Riccioni, “Supersymmetric Domain Walls,” 
Phys. Rev. D 86 (2012) 085043 [arXiv: 1206.5697 [hep-th]]. 

[ 88 ] J. de Boer and M. Shigemori, “Exotic Branes in String Theory,” Phys. Rept. 532 
(2013) 65 [arXiv: 1209.6056 [hep-th]]. 

[89] P. Breitenlohner, D. Maison and G. W. Gibbons, “Four-Dimensional Black Holes from 
Kaluza-Klein Theories,” Commun. Math. Phys. 120 (1988) 295. 

[90] M. Gunaydin, K. Koepsell and H. Nicolai, “Conformal and quasiconformal realizations 
of exceptional Lie groups,” Commun. Math. Phys. 221 (2001) 57 [hep-th/0008063]. 

[91] M. Gunaydin and O. Pavlyk, “Quasiconformal Realizations of £? 6 ( 6 ), £7(7), -^8(8) and 
SO(n + 3, m + 3), TV ^ 4 Supergravity and Spherical Vectors,” Adv. Theor. Math. 
Phys. 13 (2009) [arXiv:0904.0784 [hep-th]]. 


56 



[92] S. Ferrara, A. Marrani, E. Orazi, R. Stora and A. Yeranyan, “Two-Center Black Holes 
Duality-Invariants for stu Model and its lower-rank Descendants,” J. Math. Phys. 52 
(2011) 062302 [arXiv:1011.5864 [hep-th]]. 

[93] L. Andrianopoli, R. D’Auria, S. Ferrara, A. Marrani and M. Trigiante, “Two-Centered 
Magical Charge Orbits,” JHEP 1104 (2011) 041 [arXiv:1101.3496 [hep-th]]. 

[94] A. Ceresole, S. Ferrara, A. Marrani and A. Yeranyan, “Small Black Hole Constituents 
and Horizontal Symmetry,” JHEP 1106 (2011) 078 [arXiv:1104.4652 [hep-th]]. 

[95] S. Ferrara, A. Marrani and A. Yeranyan, “On Invariant Structures of Black Hole 
Charges,” JHEP 1202 (2012) 071 [arXiv:1110.4004 [hep-th]]. 

[96] S. Ferrara and A. Marrani, “On Symmetries of Extremal Black Holes with One and 
Two Centers,” Springer Proc. Phys. 144 (2013) 345 [arXiv: 1207.7016 [hep-th]]. 

[97] S. L. Cacciatori, A. Marrani and B. van Geernen, “Multi-Centered Invariants, 
Plethysm and Grassmannians,” JHEP 1302 (2013) 049 [arXiv:1211.3432 [math-ph]]. 

[98] G. Bossard and S. Katmadas, “non-BPS walls of marginal stability,” JHEP 1310 
(2013) 179 [arXiv: 1309.3236 [hep-th]]. 

[99] G. Dibitetto, J. J. Fernandez-Melgarejo, D. Marques and D. Roest, “Duality orbits 
of non-geometric fluxes,” Fortsch. Phys. 60 (2012) 1123 [arXiv: 1203.6562 [hep-th]]. 

[100] S. Ferrara, M. Porrati and A. Sagnotti, “N = 2 Born-Infeld attractors,” JHEP 1412 
(2014) 065 [arXiv: 1411.4954 [hep-th]]. 

[101] S. Ferrara, M. Porrati, A. Sagnotti, R. Stora and A. Yeranyan, “Generalized Born- 
Infeld Actions and Projective Cubic Curves,” arXiv: 1412.3337 [hep-th], 

[102] R. W. Carter, “Simple Groups of Lie Type,” Wiley Classics Library, New York, John 
Wiley & Sons (1989). 


57 



